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CHAPTER I 
INTRODUCTION 

The >Cp spaces are defined in terms of their finite-dimensional subspaces. How- 
ever, in the category of separable infinite-dimensional Banach spaces, the Cp spaces 
for 1 < p < oo with p ^ 2 are those spaces which are isomorphic to complemented 
subspaces of L^, but not isomorphic to the Hilbert space 

Rosenthal [RI], Schechtman [S], Alspach [A], and Bourgain [B-R-S] have 
developed methods of constructing Cp spaces for 1 < p < oo with p 7^ 2 which have 
a probabilistic aspect. These methods have enlarged the set of known Cp spaces from 
the classical examples [l^ , i'^ ® ff' , © £^ © • • •)^p, and L^] to a family indexed by the 
countable ordinals. We will examine these constructions, provide some details, clarify 
a few points, and to some extent interrelate the constructed spaces with respect to the 
relation 

Preliminaries for Cp Spaces 

The Cp Spaces 

The Cp spaces were introduced by Lindenstrauss and Pelczynski in [L-P], and 
were studied further by Lindenstrauss and Rosenthal in [L-R] . The definition and 
some basic results are presented below. 

Definition. Let 1 < p < 00 and 1 < A < 00. A Banach space X is an Cp^x space 
if for each hnite-dimensional subspace Z of X, there is a finite-dimensional subspace Y 
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of X containing Z such that d{Y,iP^) < X, where n = dim(y) and d{Y,iP^) is the 
Banach-Mazur distance between Y and . Finally, a Banach space is an Cp space if 
it is an jCp^j space for some 1 < 7 < oo. 

Let 1 < p < 00 where p ^ 2. In [L-P, Example 8.2], it is shown that i'^, f © t, 
(^^ £^ © ■ ■ ■)^p, and LF are mutually nonisomorphic Cp spaces, although this is more 
easily seen in light of the subsequent results of [L-R] . These spaces are the classical Cp 
spaces. 

Let X be a Banach space. A bounded linear mapping P : X — > X is called a 
projection if = P. Let F be a closed subspace of X. Then Y is called a 
complemented subspace of X if there is a (bounded linear) projection P : X ^ X 
mapping X onto Y. If F is a complemented subspace of X, P : X — > X is the 
(bounded linear) projection mapping X onto F, and Z is the null space of P, then 
X = Y ® Z. Conversely, \i X = Y ® Z ioi some closed subspace Z of X, then F is a 
complemented subspace of X (as is Z). 

We will restrict our attention to separable infinite-dimensional Cp spaces for 
1 < p < cxD with p 7^ 2. For these spaces, [L-P] and [L-R] each contribute one 
implication in the following characterization, but in greater generality. 

Theorem 1.1. Let 1 < p < 00 where p / 2, and let X be a separable infinite- 
dimensional Banach space. Then X is an Cp space if and only if X is isomorphic to a 
complemented subspace of LF but X is not isomorphic to ^. 

The essence of the forward implication [L-P, Theorem 7.1] is the following. 

Proposition 1.2. Let 1 < p < 00 and let X be an Cp space. Then X is 
isomorphic to a complemented subspace of L^(/i) for some measure fi. 

Remark. In the above proposition, analogous statements for p = 1 and p = 00 
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are false. For p = 1, [L-P, Example 8.1] provides a counterexample. For p = oo, 
any separable infinite-dimensional C{K) space provides a counterexample, as noted in 
[L-P]. However, by [L-P, Corollary 2 of Theorem 7.2], if X is an Ci space, then X is 
isomorphic to a subspace of L^in) for some measure ^. 

The essence of the reverse implication [L-R, Theorem 2.1] is the following. 

Proposition 1.3. Let 1 < p < oo and let X be (isomorphic to) a complemented 
subspace of for some measure fi. Then either X is an Cp space or X is 

isomorphic to a Hilbert space. 

Remark. In the above proposition, modified versions hold for p = 1 and p = oo 
[L-R, Theorem 3.2]. If X is (isomorphic to) a complemented subspace of L^{n) for 
some measure /x, then X is an Ci space. If X is (isomorphic to) a complemented 
subspace of a C{K) space, then X is an Coo space. 

Let us assume the hypotheses of Theorem 1.1. The hypothesis that X is infinite- 
dimensional excludes a class of spaces which are trivially Cp. The hypothesis that X 
is separable allows us to replace the L^{lj) of Proposition 1.2 by LF = L^{0, 1). As 
noted in [L-P] and [L-R], the C2 spaces are precisely the spaces which are isomorphic 
to Hilbert spaces. However, the only separable infinite-dimensional Hilbert space 
(up to isometry) is i^. Thus we may replace the Hilbert space of Proposition 1.3 by £'^. 
The conclusion of Theorem 1.1 now follows. 

The Relations ^ and ^ 

Let X and Y be Banach spaces. We write X ^ y if X is isomorphic to a closed 
subspace of Y. We write X ^ Y if X is isomorphic to a complemented subspace of Y. 
Of course if X A y, then X <-^Y. If X A y, then X* <^Y*. However if X y. 
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it does not follow that X* ^ Y* . If X is a closed subspace of Y with X ^Y,ii does 
not follow that X itself is a complemented subspace of Y . The relations > and ^ are 
reflexive and transitive, but not antisymmetric. 

We write X = Y ii X ^Y &n<lY ^ X. We write X=^Y iiX ^Y &nd 

Y ^ X. We write X ^Y li X is isomorphic to Y. The relations =, =c, and ~ 
are equivalence relations. Let [ [ ]= , and [ ]^ denote equivalence classes under 
~, =c, and =, respectively. Then [X]^ C [-^^1=^ C [X\^. 

liX = X' and Y = Y' , then X ^ Y \i and only if X' ^ Y' . Similarly, if 
X =c X' and Y =^Y', then X ^ Y \i and only if X' ^Y'. Thus and ^ induce 
partial orderings on equivalence classes under = and =c, respectively. 

The Classical Cp Spaces 

Let 2 < p < oo. Then £^ and the classical separable infinite-dimensional Cp 
spaces are related by ^ as in diagram (1.1) below, where X ^Y denotes X ^Y but 

Y ^ X, X = Y denotes X ^ Y and Y ^ X, and the absence of a relation symbol 
between X and Y implies X ^Y and Y ^ X, unless some relation is implied by the 
transitivity of The same conventions will apply in future diagrams relating spaces 
by 

e 

\ 

e®e> ^ {e ^ (1.1) 

/ 

Let 1 < p < oo where p ^ 2. Then !p and the classical separable infinite- 
dimensional Cp spaces are related by ^ as in diagram (1.2) below. Conventions 
analogous to those described above will apply in this and in future diagrams relating 
spaces by ^ (with and =c replacing — and =, respectively). 
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e 

c 

\ 

c 

/ 

The positive relations asserted to exist above follow routinely from well-known 
results. Of course ^ ® t and t ® t . Letting F denote the scalar field, 

£2 e ^ ~ £2 ^ (F © F e • • ®{f ®-- r^{f®i^®-- . 

Khintchine's inequality [W, LB. 8] for the Rademacher functions {r„} shows that 
[r„]^p ~ . Moreover, for 2 < p < oo, the orthogonal projection of tP onto [r„]^p is 
bounded. Hence for 2 < ^? < cx), and for 1 < p < 2 by duality, A . It follows that 

Some of the the negative results are another matter, although f' ^ 1^ , 1^ ^ f', 
e®t i^, and i-^ all follow from the fact that C ^ I' for r, s G [1, oo) 

with r 7^ s. The fact that {p' ® ^ ® ■ ■ ) p, £^ ® for 2 < p < oo is [RI, Lemma for 
Corollary 14], presented below as Lemma 2.23. The fact that y^- ® ® ■ ■ ■)^p 
for 2 < p < oo is [L-P 2, Theorem 6.1]. 

Elementary Constructions 

Fix 1 < p < oo where p 7^ 2. 

Let X and Y be separable infinite-dimensional Banach spaces such that X '-^ 
and y A L^. Then X ®Y tF ® tF ^ tF . Note that since is prime, if X 7^ 
and Y rfj Hp-^ then X ®Y ll^ . Hence if X and Y are Lp spaces, then X ® y is an >Cp 
space. 
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A result of Pelczynski [P, Proposition (*)], presented below as Lemma 2.8, states 
that for Banacli spaces V and W which are isomorphic to their squares in the sense 
that VeV andW®W ^W,ifV andW ^V, then V^W. 

Suppose X and Y are as above and are isomorphic to their squares. If X ^ Y, 
then X © y ~ y [since X ®Y and Y are isomorphic to their squares, 
X®Y'-^Y®Yr^Y, and Y "-^ X (BY]. If X and Y are incomparable in the sense 
that X Y and Y X, then X ® y is isomorphically distinct from both X and 
y [since X © y ~ X would imply that Y ^ X, and X © y ~ y would imply that 
X "—^ Y]. Hence if X and Y are Cp spaces which are isomorphic to their squares, then 
the Cp space X © y is isomorphically distinct from both X and Y if and only if X and 
y are incomparable in the sense mentioned above. 

Prom the list i"^, i^, © t , (f ® i"^ ® ■ ■ LF of five spaces, the only 
incomparable pair of spaces is {^^,^^}. However, © has already been included in 
the list. 

Let Z he a separable infinite-dimensional Banach space such that Z LF . Then 
{Z®Z®-- ■)p ^ (L^ © © • • ~ V. Note that ^ {Z ® Z ® ■ ■ whence 
{Z ® Z ®-- ■)^p / £2 (^z ® Z ® ■■ ■)^p is an Cp space. The space (^^ © £^ © • ■ •)^p is 
an example. However, from the list i'^, f, i'^ ® f, (^^ © £^ © • • •)^p, of five spaces, 
no space arises from this method of construction which has not already been included 
in the list. 

Preliminaries for Banach Spaces 

We now introduce some terminology used in the study of Banach spaces. The 
presentation is unavoidably terse and a bit disjointed. General references for this 
material include [L-T] and [W]. Throughout the following discussion, X and Y will 
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denote Banach spaces. 

A Banach space is a complete normed vector space. Classical examples include 
the space 1^(0, 1) for 1 < p < oo, with = /(^^^^ " for 1 < ^? < oo and 

ll/llcxj — ess sup I/I for p = oo, and the space £^ for 1 < p < oo, with 
||{aj}||^p = (X^lflil^)^ for 1 < p < oo and ||{ai}||^oo = sup|aj| for p = oo. Here 
/ denotes Lebesgue integration. Functions f,g & L^(0, 1) are identical as elements 
of 1/^(0, 1) if they agree except on a set of measure zero, which is to say that strictly 
speaking, the elements of L^(0, 1) are equivalence classes of functions. 

Given Banach spaces Xi,X2, . . . and 1 < ^» < oo, [Xi ® X2® ■ ■ ■)^p is the set 
of all sequences {xi} with Xi G X^ such that ||{a;j}|| = ll^^illxj ^ < 00. The sum 
(Xi © X2 © • • •)^p is a Banach space, and will also be denoted ^X]* j,- 

Suppose r : X ^ y is a linear operator. Then T is said to be bounded if 
||T|| = sup2.gx\{o} ^^'^^'li''^^ < 00. A linear operator is bounded if and only if it is 
continuous. 

Suppose T : X — > y is a bounded linear operator. Then T is said to be an 
isomorphism if T has an inverse : Y ^ X which is a bounded linear operator. If 
T is a bijection, then T is an isomorphism by the open mapping theorem. If there is 
an isomorphism S : X ^ Y, then X and Y are said to be isomorphic, and we write 
X r^Y. If X ^Y, the Banach-Mazur distance between X and Y is 
d{X,Y) = mis {\\S\\ ||<S'~^||}, where the infimum is taken over all isomorphisms 
S -.X ^Y. 

Suppose r : X ^ y is a bounded linear operator. Then T is called an isomorphic 
imbedding of X into y if T is an injection onto a closed subspace Y' of Y. If there is 
an isomorphic imbedding 5 : X — > y, we write X ^ Y. 

Suppose P : X — >^ X is a bounded linear operator. Then P is called a projection 



if = P. Suppose P : X ^ X is a, projection. Then P{X) is a closed subspace of 
X, and each x € X has a unique representation as x = y + z where y G P{X) and 
P{z) = 0. Moreover, I — P : X ^ X is a, projection as well, where I : X ^ X is the 
identity mapping. The range R = P{X) and null space N = {I — P){X) of P are said 
to be complemented subspaces of X, and X = R® N. We write R^ X and N ^ X. 
More generally, we write F ^ X if y is isomorphic to a complemented subspace of X. 

The Rademacher functions : [0, 1] —>■ {—1, 1} for A; € N are defined by 
rfc(t) = sgnsin(2'^7rt). 

For expressions A and B and constants Ki and K2, we write A ss i? to signify 
that A < KiB and S < K2A. We also write ^4 S if i^i and K2 exist but are not 
specified. If so indicated, A B will refer to an approximation rather than to a pair 
of inequalities. 

Khintchine's inequality states that for 1 < p < 00, there is a constant Kp such 

that for all scalars oi, 02, . . ., for the Rademacher functions ri, r2, . . ., and for all 

1^ 1 
N en, 1/Kp (j2^^, \a,\^y < < Kp (Eti This inequality 

could also be expressed as 



Z^i=iairi ~ [Z^i=i\ai\ ) ■ 
A sequence {xi} in X is said to be a (Schauder) basis for X if for each x E X, 
there is a unique sequence {oj} of scalars such that x = ^OjXj, with convergence in 
the norm of X. 

Given a sequence {xi} in X, the closed linear span of {xi} in X will be denoted 
[xilx, '^^ simply [xi] if the context is clear. Such a sequence is called a basic sequence 
if {xj} is a basis for [xj]^. 

Given a sequence {xi} in X, the series ^Xi is said to converge unconditionally 
if any of the following equivalent conditions hold: (a) ^i^i converges for all {—1, 1}- 
valued sequences {ej}, (b) converges for all permutations a of N, or (c) Yl^n{i) 
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converges for all increasing sequences {n{i)} in N. 

A basis {xi} for X is said to be unconditional if for each sequence of scalars for 
which (^i^i converges, the convergence is unconditional. If {xi} is an unconditional 

basis for X, then for Pe ■ [xi] — > [xi] defined by Pe iJ2i^i ^i^i) = YlieE^^i^ii have 
sup^cN II-PbII < oo. 

Suppose {xi} is a basic sequence in X. A sequence {yj} in X is called a block 
basic sequence (with respect to {xi}) if yj ^ for all j G N and there are disjoint 
nonempty finite Ei, E2, . . . C N with max£^j < min Ej/ for j < j' and scalars ai, 02, . . . 
such that yj = J2ieEj ^i^i ^'^^ 3 ^ ^- Suppose {yj} is a block basic sequence 
(with respect to {xi}). Then {yj} is a basic sequence. If {xi} is unconditional, then 
{yj} is unconditional as well. 

Suppose {xi} and {yi} are bases for X and Y , respectively. Then {xj} and {yi} 
are said to be equivalent if for all sequences {oj} of scalars, ^ ajXj converges if and 
only if Yl^^iVi converges. If {xi} and {yi} are equivalent, then there is a natural 
isomorphism between X and Y by the closed graph theorem. 

Suppose {xi} and {yi} are normalized bases for X and Y, respectively, which 
are equivalent. Let K he a positive constant. Then {xi} and {yi} are said to be K- 
equivalent if for all sequences {oj} of scalars such that ^a^Xj and Yl^iVi converge, 

IIEai^ill i IIE«iyi||- 

A random variable is a measurable function on a probability space (O, fx). For 
N & N, random variables Xi, X2, ■ ■ ■ , Xn on Q are said to be independent if for all 
Borel sets Si, B2, . . . , Bn, H (flti {t : Xi{t) G Bj) = nti ({* Mt) ^ Bi}). 
Random variables Xi , X2 , . . . on fl are said to be independent if Xi, X2, ■ ■ ■ , Xn are 
independent for each AT G N. 
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Overview of Chapters 

We briefly discuss the content of the succeeding chapters. 

Chapter II reviews the construction of Rosenthal [RI] . Rosenthal's work is based 
on the study of the span in for 2 < p < co of sequences of independent mean zero 
random variables. A few nonclassical Cp spaces were found by Rosenthal, principal 
among them the space Xp. Chapter II includes a complete ordering of these spaces 
with respect to the (partial order) relation >. 

Chapter III reviews the construction of Schechtman [S] . Schechtman takes 
Rosenthal's space Xp and iterates a tensor product operation to produce a sequence of 
Cp spaces. Chapter III includes a section on the sequence space realization of 
Schechtman's spaces, expanding on a remark found in [S]. 

Chapter IV reviews the construction of Alspach [A] . Alspach's work generalizes 
the construction of Rosenthal, and generates spaces by means of a notion of 
independent sum, but has only been available in manuscript form. A few nonclassical 
Cp spaces were found by Alspach, principal among them a space denoted Dp. Chapter 
IV includes a complete ordering of these and Rosenthal's spaces with respect to >. 

Chapter V reviews the construction of Bourgain, Rosenthal, and Schechtman 
[B-R-S]. These authors iterate and intertwine a notion of disjoint sum and a notion of 
independent sum to generate a family of Cp spaces indexed by the countable ordinals, 
and distinguish these spaces isomorphically by means of an isomorphic invariant, 
introduced in [B-R-S], which assigns an ordinal number to each separable Banach 
space. 

Each chapter has a diagram relating the spaces under discussion with respect to 
A. These diagrams are (1.2), (2.27), (3.2), (4.10), and (5.5). 



CHAPTER II 



THE NONCLASSICAL £p SPACES OF ROSENTHAL 

Let 1 < p < oo where p ^ 2. Rosenthal [RI] was the first to extend the hst 
of separable infinite-dimensional Cp spaces beyond the four previously known isomor- 
phism types: L^, i"^ © and ® £^ © • • •)^p. The principal Cp spaces which 
Rosenthal constructed are Xp and Bp, to be discussed presently. Using the newly re- 
vised list of six Cp spaces, Rosenthal constructed a few more such spaces by forming 
direct sums (pairwise and in the sense of P for sequences) of these six. 

The Space Xp 

In contrast to most classical Banach spaces, Xp does not have a preferred stan- 
dard realization. Let 2 < p < oo. One realization of Xp is as the closed linear span 
in LF of a sequence {/n} of independent symmetric three- valued random variables 
such that the ratios H/nL/ll/nllp approach zero slowly (in a sense to be made pre- 
cise). On the other hand, given positive weights Wn approaching zero slowly in the 
same sense, another realization of Xp is as the set of all sequences {a;„} in for which 
the weighted £^ norm |u;„a;„|^) ^ is finite. For the conjugate index q, Xg is defined 
to be the dual of Xp. 

The Space Xp^^j 

We first examine the sequence space realization of Xp. 

11 
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Definition. Let 2 < p < oo and let w = {wn} be a sequence of positive scalaxs. 
Define Xp^^ to he the set of aU sequences x = of scalars for which both ^ \xn\^ 

and E are finite. For x G Xp^^i, define the norm \\x\\-^ to be the maximum 

1 1 

of (Y1 l^nf^ " and (^Yl {WnXnf^ ^ ■ 

Thus \\x\\-^ is the maximum of the norm of x and the weighted norm of 
X. Under this norm, it is a routine matter to show that Xp^^j is a Banach space with 
unconditional standard basis. The isomorphism type of Xp^yj depends on the sequence 
w = {wn} of weights, as partially outlined in the following proposition [RI]. 

Proposition 2.1. Let 2 < p < oo and let w = {wn} be a sequence of positive 
scalars. 

(a) If inf Wn > 0, then Xp^^ is isomorphic to i"^. 

2p 

(b) ffY^Wn^~'^ < OO, then Xp^yj is isomorphic to ff* . 

(c) If there is some e > for which {n: Wn > e} and {n: Wn < e} are both infinite and 

2p 

for which Ylw„<e '^n^ < oo, then Xp^y^ is isomorphic to f' ® . 

(d) Otherwise, w satisRes condition (*); 



E 2p 
Wn = OO. (*) 

w„<e 



Proof. 

(a) Suppose inf Wn = C > and let x = {xn} £ Xp^yj. Then 



X /jp 



Yl \Xnf^ ' < ^ (Z) \WnXn\^^ ^ 



Hence 



(Yl'^nXnl'^Y - ll^llxp,™ <max{^,l} (^YhnXnfY , 

so Xp^y, is isomorphic to via the mapping {xn} i— > {wnXn}. 
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(b) Suppose Yl'^n^~'^ < oo and let x = {xn} £ Xp^yj. Then by Holder's inequality 
with conjugate indices = | > 1 and q' = we have 

P-2 1_ 1^ 

Let K = (^^wJt^) . Then (Eknic„|')' < K (^^1x^1")" ■ Hence 

\\x\\^p < < max {1, i^} ||a;||^p, 

so Xp^u) is isomorphic to via the formal identity mapping. 

(c) The hypothesis of part (c) is equivalent to the hypothesis that N is the disjoint 
union of two infinite sets iVi and N2 for which inf „g Wn > and 

2p 

J2neN2 '^n^ < 00. Thus part (c) follows from parts (a) and (b) and the uncon- 
ditionality of the standard basis of Xp^yj. 

(d) Condition (*) is equivalent to the conjunction of the negations of the hypotheses 
of parts (a), (b), and (c). □ 

Remark 1. We will show later that for fixed 2 < p < 00, all spaces Xp^yj for w 
satisfying condition (*) are mutually isomorphic, but isomorphically distinct from 
F, and i'^ © i'^ (as well as © £^ © • ■ ■)^p and L^). Thus part (d) is indeed a different 
case, and part (d) does not split into subcases. 

Remark 2. Let 2 < p < 00. If inf Wn = (as occurs in parts (b), (c), and 
(d)), then Xp^yj contains a complemented subspace isomorphic to l^, since some sub- 
sequence of w satisfies the hypothesis of part (b) . Hence in parts (b) , (c) , and (d) , 
Xp^yj is not isomorphic to l"^. We will show later that the spaces Xp^yj are isomor- 
phic to complemented subspaces of L^. Thus only part (a) does not yield an Hp space, 
while parts (b) and (c) yield known Cp spaces, and part (d) yields a previously un- 
known Cp space. The spaces Xp^y, for w satisfying condition (*) will be our sequence 
space realizations of Xp. 
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Rosenthal's Inequality 

Rosenthal proved the following fundamental probabilistic inequality 
[RI, Theorem 3], which (in its corollary) relates Xp^yj with the closed linear span of a 

sequence of independent mean zero random variables in (2 < p < oo). 

Theorem 2.2. Let 2 < p < oo. There is a constant Kp, depending only on p, 
such that if fi, ■ ■ ■ , Jn are independent mean zero random variables in L^, then 

J2n=i Il/n|l2)'}' and 





fn 


< Kp max < 




p 1 


2^n=l 


fn 


> i max 1 ^ 







jn=l Iu"ll2 



If in addition /i , . . . , /at are assumed to be symmetric, then the constant ^ can 
be replaced by 1. 

Remark. It is shown in [J-S-Z] that Kp is of order p/logp. 
The proof of Rosenthal's inequality will not be presented, but we deduce its 
corollary [RI]. 

Corollary 2.3. Let 2 < p < oo, let {fn} be a sequence of independent mean 
zero random variables in L^ , and let w = {wn} = | ||/n|l2/ll/n||p|- Then [/nj^p is 
isomorphic to Xp^^j, and {fn} in L^ is equivalent to the standard basis of Xp^yj. 

Proof. Without loss of generality, suppose each /„ is of norm one in L^, so that 
'^n = \\fn\\2- Let / G span{/„} and express / as Y.n=i '^nfn- Then by Theorem 2.2, 
we have 

E„=l Cn/n ^ « max I |C„| J ,[22n=lKWn\ ) >■ 

Hence [/nj^p is isomorphic to Xp^^, via the mapping X^^n/n ^ {cn}) aiid {fn} in is 
equivalent to the standard basis of Xp^yj. □ 
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Remark 1. Let 2 < p < oo. Given a sequence w = {wn} of positive scalars 
for which supWn < 1, {vj^} can be realized as | ||/n||2/ll/n||p| for {fn} satisfying the 
hypotheses of Corollary 2.3. If supWn > 1, then Xp^yj ^ Xp^yj> for some sequence 
w' = {w'^} satisfying supw'^ < 1. Thus there is a complete correspondence between 
the sequence spaces Xp^yj and the function spaces [/nJiP for {/„} satisfying the hy- 
potheses of Corollary 2.3. 

Remark 2. For fixed 2 < p < oo, the spaces [/nj^p for {/„} satisfying the 
hypotheses of Corollary 2.3 and w = {Wn} = |||/n||2/ll/nllp} satisfying condition (*) 
of Proposition 2.1 will be our function space realizations of Xp. 

The Complementation of „, in 

Let 2 < j:^ < oo. In its sequence space realizations, it is not so clear that Xp is 
an Cp space. However, we will soon show that in its function space realizations, the 
complementation of [/nj^p in follows if the sequence {/„} satisfies certain addi- 
tional hypotheses. On the other hand, in its function space realizations, the isomor- 
phic structure of Xp is not so clear. We will go back and forth between realizations, 
depending on their relative advantages at the time. 

Suppose /„ is a symmetric three-valued random variable. Let q;„ be the positive 
value attained by and let /in be the measure of the set on which /„ is nonzero. 
Then for 1 < r < oo, we have 

WfnWr = {anl^n)'' = anl^'n'' ■ 

Let 2 < p < oo. Then = ||/n|l2/ll/n||p = /^n^ p = /x^ . Hence 
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This provides an interpretation for condition (*) of Proposition 2.1 in terms of prop- 
erties of a sequence {/n} of independent symmetric three-valued random variables, 
namely 

for each e > 0, /x„ = oo. 



Let q be the conjugate index of p. Then 



ll/n||p||/n||g = an^Mn^"*"' = On^/^n = ("n/^n^) = ||/, 



2 

"112" 



This provides a way to interrelate the , L'^ , and norms of a symmetric three- 
valued random variable. We will find this useful in the proof of the next theorem, 
where we show that a certain projection is bounded in both and norms. We will 
make explicit use of the fact that if /„ is a symmetric three- valued random variable of 
norm one in L^, then 



fn 



fn'\\2 



Wfn 



(2.1) 



"•112 



Remark. If the scalars are complex, the hypothesis that /„ is a symmetric three- 
valued random variable can be replaced by the hypothesis that fn is a mean zero 
random variable for which is {0, a„}-valued for a„ ^ 0. 

Rosenthal proved the following theorem [RI, Theorem 4], which (in its corollary) 
establishes that for 2 < p < oo, the spaces „, are isomorphic to complemented 
subspaces of L^. To prove the theorem, we use the following probabilistic inequality 
[RI, Lemma 2b], which we state without proof. 

Lemma 2.4. Let 1 < q < 2 and let fi, . . . , be independent mean zero random 
variables in L^. Then 
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If in addition /i , . . . , /jv are assumed to be symmetric, then the constant 2 can be 
replaced by 1. 

Theorem 2.5. Let 1 < p < oo and let {/„} be a sequence of independent sym- 
metric three-valued random variables in L^. Then there is a projection P: LF 
onto [/„]^p with \\P\\ < Cp, where C2 = 1, Cp = Kp (the constant in Theorem 2.2) for 
2 < p < 00, and Cp = Cg for conjugate indices p and q. 

Proof. If = 2, the orthogonal projection tt: — > onto [/ri,]L2 satisfies the 
requirements. We will presently show that for 2 < p < 00, the set-theoretic restriction 
of vr to LF yields a bounded projection P:LF —>■ LF onto [/n]i,p with < Kp. This 
will suffice to prove the theorem in the general case, since the adjoint then induces a 
projection Q:L'^ — onto [fn]L'i with \\Q\\ = \\P\\. 



Let 2 < p < 00, so that C L^. Let w = {wn} = | ||/n|l2/ll/n||p|- Without 
loss of generality, suppose is real-valued with \\fn\\p = 1- Then Wn = ||/n||2- Let 
7r:L^ [fn]L^ be the orthogonal projection defined by 



defines a mapping P:L^ [/nl^p- Set-theoretically, P is the restriction of tt to L^. It 
will follow that P is a projection and ||P|| < Kp. 
Fix g & LF and let 




Then ||7r(5)||2 < WgW^- We will show that if G L^, then iT{g) G and 



<9)\\p<Kp\\g\\^. Thus 
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so that 7r(cj') = Y^Xnfn- We will show that G Xp^^ and < \\g\\^. 

Corollary 2.3 will then yield Mg)% = \\T.Xnfn\\p < < ^pll^llp- 

First we examine the weighted norm of Let 



yn= I 9{t)TrT^{t)dt = Xn\\fn\\'2 = XnWr, 
Jo \\Jn\\2 



Then 



1 

E \WnXnn ' = ||{yn}||£2 



|vr(5)|l2< Ibll2< 



(2.2) 



Next we examine the £^ norm of We verify that {xn} € (F by testing 

against l'^ . Let {c„} G Using Lemma 2.4 and equation (2.1), for each N eN 



fn 



N 

n=l \\fn\\2 



N 

<ii: 

1 n=l 
/ N 

= E i^"^ 

\ra=l 
< ll{Cn}|L. 



fn 



n\\2 
1 



q\ q 



Now by Holder's inequality and the observation above, for each N eN 



N 

E 

n=l 



1 

n=l Il/nll2 

•^0 n=l 

JV 



fn 

JfX 



{t)dt 



' n=l IUn||2 



Hence G and 



(2.3) 



Combining (2.2) and (2.3), we see that {xn} is indeed in Xp^yj and 
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Now by Corollary 2.3 (and the inequality appearing in its proof), we have 

Kp 

WEXnfnWp ~ II 11^^^^, so that 

h{9)\\p = WUxnfnWp < -f^p||{a;n}||x^„ < Kp\\g\\p. 

Hence P{g) = Tr{g) G [fn]LP ^-^d P is a projection from onto [/nj^p with ||P|| < Kp. 
□ 

Remark. If the scalars are complex, the hypothesis that each /„ is symmetric 
and three- valued can be replaced by the hypothesis that each /„ is mean zero and |/„| 
is {0, ttjij-valued for a„ ^ 0, but without the hypothesis of symmetry we have 
||P|| < 2Cp. 

We deduce the following corollary [RI] . 

Corollary 2.6. Let 2 < p < oo and let w = he a sequence of positive 

scalers. Then Xp^^ is isomorphic to a complemented subspace of LF . If inf Wn = 0, 
then Xp^w is an Cp space. In particular, if w satisfies condition (*) of Proposition 2.1, 
then Xp^uj is an Cp space. 

Proof. First suppose that supwn < 1- Then can be realized as 

I Il/n|l2/ll/nllp} ^ sequence {fn} of independent symmetric (whence mean zero) 
three-valued random variables in L^. Hence Xp^^ is isomorphic to [/nl^p by Corollary 
2.3, and [/nj^p is complemented in by Theorem 2.5. 

Now suppose that supWn > 1. Let Nq = {n:Wn < 1} and A^i = {n:Wn > 1}. Let 
^[0] = {'^njneNo ^nd W[i] = {wnjnem^ ^"^^ = {^}neNi ^6 the sequence with 

constant value one. Let w' = = {min {it;„, l}}^j^, whence supw'^ < 1 and 

Xp,y,' ^ V. Then 

Xp^w ~ ^p,«)[o] ® Xp,W[^ ~ -^Pifm ® ~ -^p,w' '-^ -I 
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where for an A?^-tuple v = {vi, . . . ,vn} of positive scalars, Xp^^ is defined in the 
obvious way, and Xp^ij, = {0}. 

If inf Wn = 0, then Xp^^j contains a complemented subspace isomorphic to i^, 
whence is not isomorphic to i'^. Hence if inf Wn = 0, then Xp^^j is an Cp space by 
Theorem 1.1. Finahy, note that if u; = {wn} satisfies condition (*) of Proposition 2.1, 
then inf = 0. □ 



The Mutual Isomorphism of the Spaces X^ 



We will show that for fixed 2 < ^? < oo, all spaces Xp^^ for w = {wn} satisfying 
condition (*) of Proposition 2.1 are mutually isomorphic, and isomorphically distinct 
from the previously known Cp spaces. These two results are our next major concerns. 
The following proposition [RI, Lemma 7] will be used in the proofs of both of these 
results. 

Proposition 2.7. Let 2 < p < oc and let w = {wn} be a sequence of positive 
scalars. Suppose that {Ej} is a sequence of disjoint nonempty finite subsets of N. Let 
bj = YlneE- '^n^~^en and bj = bj/\\bj\\^p, where {e„} is the standard basis of Xp^w 

p-2 

Let Vj = (EneB, Wn^) and v = {vj}. Then 
(a) < bj > is an unconditional basis for bj which is isometrically equivalent to 



the standard basis of Xp^^ , and 
(b) there is a projection P: Xp^^ 



with \\P\\ = 1. 



Proof. First we establish some notation. Let ^2,«) be the Hilbert space of all se- 
quences x = of scalars for which H^H^^ ^ = \wnXnf'^ < oo, where the inner 
product in £2,«; is defined by {x,y) = ^nynWn^ (where x = {xn}, y = and bar 
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is complex conjugation). Motivating the choice of the bj is the fact that 



neEi 



Let aj denote the common value of ||6j||^p, H^iH^^ , and X^ne-E- '"^n^"^- Note that 



p-2 



= by our definitions, 

(a) The unconditionality of follows from the unconditionality of {e„} in Xp^-i, 
We now examine the isometric equivalence of the bases. Let J G N and let 
Ai, . . . , Aj be scalars. Then 



J 



E -^j E Cr. 
j=l neEj 



E |A,f E ^, 

J 



_2p_ 
p-2 



E |A,I%- 



(2.4) 



and 



J 

E Ajfej 



E Aj E ^^n^-"e^ 



E |Aj| E ^i^n^-'W^n 
i=l neEj 

E |A,f E 
j=l neEj 

' ,2 



: |Aj| 
J = l 



Normalizing each bj in and noting that ||6j||^p = ajp , we have 



E ^jbj 



E iA,r 



(2.5) 



and 



J 

E Aj6j 



E|A,f^=E|A,|V,'^ = i:|A,lV 

j=l ajP j=l j=l 



(2.6) 



22 



Thus 



J 



= max < 



J 



J 



1^2, -w . 



max < 



Hence | bj | in Xp^^,, is isometrically equivalent to the standard basis of Xp^y . 
(b) We wish to define a projection P-.Xp^yj —>■ [bj]^ with ||P|| = 1. Recahing the 
inner product ( , ) previously introduced on £2,w, let 7t:£2,w [^j]^2 
orthogonal projection defined by 



X, 



We will show that if x G fl i2,w, then 7r(x) G and 



Then ||7r(x)||^^_^ < 
||7r(a;)||^p < ||a;||^p. Thus 



defines a mapping P: f n £2,«; [^i]^Pn^2 ' Set-theoretically, P is the restriction 
of TT to £^ n £2,w It will follow that ii x e £^ H £2,w = Xp^yj, then 



= max|||P(x)||^^_^, ||P(a;)||^p} < max|||ar||^^_^, ||a;||^p} 



\x\ 



Fix X = {xn} G £^ n £2,«; and let 



so that Ylj=i ^j^j 1^ ^ partial sum of 7r(x). We now show that 7r(x) € and 
||7r(x)||^p < ||x||^p. As in equation (2.4), we have 



J 
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where 



■^J — ( ^' 11/ 112 



{x,bj) 



1 2(p-l) 



Now by Holder's inequahty, for q = we have 



1 



<:^ E 



A(e 



p-1 
P 



Hence |Aj|^crj < X^^g^;. ja^^nT- Referring again to equation (2.4), for each J G N 



J 

E ^3^3 



E|Ail%-<E E Kr<||x"^ 



e- 



(2.7) 



Hence 7r(a;) = YlT=i \^3 ^ IK(^)ll^p ^ ll^ll^*'- '-' 



We continue with results leading to the conclusion that for fixed 2 < p < 00, all 
spaces Xp^yj for w = {wn} satisfying condition (*) of Proposition 2.1 are mutually iso- 
morphic. The following result of Pelczynski [P, Proposition (*)] indicates the approach 
to be taken. 

Lemma 2.8. Let X and Y he Banach spaces. Suppose X ^ Y and Y ^ X, 
where X ~ X © X and y ~ y © y. Then X ~ y. 

Proof. Let X' be a closed subspace of X such that X ~ y © X'. Then 
X~y©X'~y©y©X'~y©X. similarly, y ~ X © y. Hence 

x~y©x~x©y~y. □ 



First we examine the matter of mutual complementation [RI, Theorem 13]. 



^ ^P,W' HGIICG Xp^yjf ^ > Xp^yj. 
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Proposition 2.9. Let 2 < p < oo and let w = {wn} and w' = {w!^} be sequences 
of positive scalars satisfying condition (*) of Proposition 2.1. Then Xp^yj> > Xp^y^. 

Proof. By condition (*), we may choose a sequence {Ej} of disjoint nonempty 
finite subsets of N such that for each j G N, 

Then for Vj = {Y^neE '^n^~'^ j ' '"^j — — ^^j- Hence for v = {vj} and 
X G Xj)y,i^ ||a^||>f < ll^^llx- ^ . Thus X^^/ ~ via the formal identity 

mapping. For bj as in Proposition 2.7, Xp^^ ^ 
□ 

Next we examine the matter of Xp^-^ being isomorphic to its square. As a pre- 
hminary, we show that a certain symmetric sum of Xp^^ is complemented in Xp^^ 
[RI, Proposition 12]. This symmetric sum is a special case of a more general sum 
which we now define. 

Let 2 < p < oo. For each sequence v = {vj} of positive scalars, define a space £2,v 
as in the proof of Proposition 2.7. For each k & N, let v^'^^ = j^j'^'*} be a sequence 
of positive scalars, and let Xk be a closed subspace of . Let 

{Xi © X2 © • • Op 2 {?;('=)} be the Banach space of all sequences {xk} with Xk G X^ such 
that ||{a;fe}|| = max | ^ , (Y1 \\^k\\(, ^^.^^ ^ j- < 00. If each v^'^^ is identical 

to a fixed sequence v, we will denote (Xi © X2 © • • 0^,2, {t;^^)} by {Xi © X2 © • • •)p,2,t;- 

Proposition 2.10. Let 2 < p < 00 and let w = be a sequence of positive 

scalars satisfying condition (*) of Proposition 2.1. Let 
Xp^w {Xp ,^j © Xp y, © • • ■)pj2,iu' Then Xp ^j ' > Xp ^j. 

Proof. By condition (*), we may choose a sequence {Nk} of disjoint infinite 
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subsets of N such that for each e > and for each k, 



E 

neNk 



Wr, = OO. 



Hence for each k, we may choose a sequence of disjoint nonempty finite 

subsets of Nk such that 



neE' 



p — 2 

Then for vf^ = (E^^rC^) Wn^) , wj < vf^ < 2wj. Hence for v^''^ = ^ 



J 



and Xfc G Xp^, ||xfc|L < < 2||xfc|L .Hence 



p,w Jp,2,w 



(Xp „(i) © Xp^^(2) © • • ■)p 2,{vW} 



(2.8) 



via the formal identity mapping. 

Let b^''^ = WnP^Cn (where {e„} is the standard basis of Xp^ui)- Let 

. Then by part (a) of Proposition 2.7, and equations (2.5) and 



(2.6), for each k there is an isometry T^-.X {h) b^'''^ : j G N 



with 



\Tkiyk)\\iP = WVkWep and \\Tk{y, 



'k)U 



2,w 



for Uk G Xp^y(k). Hence 



( 



...) 



p,2,{,;('=)} 



( 




© 

















(2.9) 



p,1,w 



via the isometry {y^} ^ {T^{yk)}. 

The direct sum on the right side of (2.9) should be thought of as an internal 
direct sum of subspaces of X^,^^ . We next show that 



( 














X ® 







p,'2,w 



bf^ ■.j,ken 



(2.10) 



26 



via the mapping {zk} ^ ^Zk- For each k, let Zk = YlJLi ^ ^)"'' '■ j & ^ 

Then by equations (2.5) and (2.6), and part (a) of Proposition 2.7, we have 



yZki 



max < 



k=l 



p \ p 



k=l 



E Ar^6 



3 



= max<( ( E E 
.fc=ii=i 



E E Af 



, E E 
\k=ij=i 



(k)\{k) 



k=lj=l 

oo 

E ^fc 

k=l 

Hence the mapping {zfc} i— > E -^^fc is an isometry. 
By part (b) of Proposition 2.7, we have 



bf^ : j, fc G N 



X., 



Xrt 



p,w • 



(2.11) 



Combining (2.8), (2.9), (2.10), and (2.11) yields 



{Xp^W ® Xp^yj © • • •) 



p,2,w ^ -^P,w- 



□ 



The complementation of Xp^^ in Xp^yj is the key to showing that Xp^^j is iso- 
morphic to its square [RI, Proposition 11]. 

Proposition 2.11. Let 2 < p < oo and let w = {wn} he a sequence of positive 
scalars satisfying condition (*) of Proposition 2.1. Then Xp^yj ~ Xp^^j © Xp^^j. 

Proof. Let Xp^^j be as in Proposition 2.10. Then Xp^w ^ Xp^^,. Let F be a 
closed subspace of Xp^^j such that Xp^u, ~ Xp^u, © Y. Note that Xp^ui ~ Xp^ui © Xp^u,. 
Hence 



Xp^W ® Xp^yj ~ Xp^yj © Xp^yj QYi^ Xp^yj (B Y Xp^yj . 
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□ 

Remark. After noting that Xp^yj ~ Xp^yj © Xp^^,, we now see by Lemma 2.8 that 

The above results immediately yield the following theorem [RI, Theorem 13]. 

Theorem 2.12. Let 2 < p < oo and let w = {wn} and w' = {w!^} be sequences 
of positive scalars satisfying condition (*) of Proposition 2.1. Then Xp^^ ~ Xp^^/. 

Proof. The spaces Xp^yj and Xp^^' satisfy the hypotheses of Lemma 2.8. □ 
Remark. For p, w, and w' as above, there is a constant Cp, depending only on 

p, such that d(Xp^w, Xp^y,') < Cp, where d{Xp^yj, Xp^y,/) is the Banach-Mazur distance 

between Xp^y, and Xp^y,/ 

Definition. Let 2 < p < oo. Define Xp to be (the isomorphism type of) Xp^yj for 
any sequence w = {wn} of positive scalars satisfying condition (*) of Proposition 2.1. 
For the conjugate index q, dehne Xq to be the dual of Xp. 

By Theorem 2.12, Xp is well-defined. 

The Isomorphism Type of Xp 

We now present results leading to the conclusion that for 2 < p < cxd and for 
w = {wn} satisfying condition (*) of Proposition 2.1, Xp^^ is isomorphically distinct 
from the previously known Cp spaces. The first result [RI, Corollary 8] establishes an 
unusual property of Xp^yj. 

Proposition 2.13. Let 2 < p < oo and let w = {wn} be a sequence of positive 
scalars satisfying condition (*) of Proposition 2.1. Then for each N eN, 
(a) there is a basic sequence Xp^y,, 2N -equivalent to the standard basis of 

such that for all distinct ji, . . . ,jN & ^, \ bj^, . . . , bj^ > is isometrically equivalent 
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to the standard basis of i^, and 
(b) there is a basic sequence {dj} in X*^^, 2N -equivalent to the standard basis of 
such that for all distinct ji, - ■ ■ ,jN £ N, {dj^ , . . . , dj,^ } is isometrically equivalent 
to the standard basis of where q is the conjugate index of p. 

Proof. Fix N e N. By condition (*), we may choose a sequence {Ej} of disjoint 
nonempty finite subsets of N such that 

2N J - 

Define bj, bj, Vj, and v as in Proposition 2.7. Recalling that 

p-2 

= (EnGE, ^n^) , we have 

p-2 

1 / 1 \^ , 

1 2p . 

Hence inf Vj > > 0, supvj < 1, and supvjp-^ < 
(a) By part (a) of Proposition 2.7, | is a basic sequence in Xp^^ which is isomet- 
rically equivalent to the standard basis of Xp^y. Since inf vj > and supvj < 1, 
the proof of part (a) of Proposition 2.1 shows that the standard basis of Xp^y is 



2p_ 

2p 1 

Wr, < . 

2N J - ^neEj " - N 



equivalent to the standard basis of with || ||x|L2 for every sequence 



X = {xn} of scalars. Hence | in Xp^y, is 2A/"-equivalent to the standard basis 

of £\ 

Let ji, . . . , JAT £ N be distinct and let xi, . . . , xat be scalars. Then by Holder's 

inequality with conjugate indices -P = f and Q = and the fact that 

2p , 

supvjp-'^ < jf,we have 

— (En=l (En=l 77) 



p-2 

p 
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Thus by part (a) of Proposition 2.7 and the above observation, we have 



Hence jdj^ , . . . , 6^^^ | is isometrically equivalent to the standard basis of £-^. 
(b) Define i2,w and its inner product ( , ) as in Proposition 2.7. Let dj = bj/\\bj\\^p^ 
and consider dj as an element of X*,^ with action ( ,dj). Then (bj,dj'') = for 
j ^ f, and 

^ 1 WbiWj 



bj,dj 



It IIP \"3i"JI 



3\\ p 



Let {ttn} be a sequence of scalars and let ji,... ,jN £ N be distinct. We are 
trying to prove that 



2N 



X* 



and 



The proofs of these two relationships are quite similar. We introduce a shorthand 
to allow us to handle them simultaneously. Let Yl' denote Yl'^=i the first set- 
ting and Yln=i ™ second setting. Let r„ denote n in the first setting and jn 
in the second setting. Then for sequences {jn} of scalars, we have 

\\^' OindrJlx^^ = Snp\^\{x,J2' andr„)\ ■ = l} 

>SUp{|(E'7n6r„,E'«ndr„>| : InKJx,,^ = ^} (2-12) 

= SUpjlE'Tnttnl : II E'7n^T„||jY^^ =l}- 

We will show that equality holds at (2.12). It will then follow by part (a) that 

IIEr=l«"^nllx;,„ = SUp{|Er=l7nan| : II J2n=l'ynbn\\x^^^ = l} 
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and 

||E^=iandj„||^.^^ =sup{|E^^i7„a„| : || E^=i 7nbjJU^ ^ = l} 

= SUp{| E^=l ln<^n\ ■■ (En=l iTnT)^ = l} 

which is what we are trying to prove. 

We now show that equahty holds at (2.12). It suffices to find a projection 

P':Xp^yj Xp^^ of norm one which is the set-theoretic restriction to 
^p,w = n l2,w of the orthogonal projection 

^''■^2,w — ^ ^2,w onto \bn\ in the 
first setting and onto span \ bj^ \ in the second setting. For then we will have 

I- J n=l 

Snp{\{x,Y,' andr„)\ ■■ lkllx^,„ = 1} 

= sup{|(a;,(P')* (E'«n(irJ>| : = l} 

= sup||(P'(x),^'a„d^J| : M^^^^ = l} 

< SUp{|<P'(x),E'«ntir.>| : = 1} 

= SUp||(^'7n^r„,E'anO!r„)| : 1 1 E' 7n^r„ 1 1 ^, = l}, 

whence equality will hold at (2.12). Let P'lXp^yj Xp^yj be defined by 



'-2,w 



In either setting, P' is essentially the projection P of part (b) of Proposition 2.7, 
the only difference between the settings being the choice of {Ej} on which the 
projection is based. In either setting, ||P'|| = 1, as can be seen by (2.7). Thus 
equality indeed holds at (2.12). □ 

Following Rosenthal [RI] , we say that a Banach space X satisfies V2 if for each 
e > and each sequence {/„} in X equivalent to the standard basis {e„} of there is 
a subsequence {gn} of {fn} such that {gn} is (1 + e)-equivalent to {e„}. 

The following result [RI] restates part (b) of Proposition 2.13 in terms of 7^2- 
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Corollary 2.14. Let 2 < p < oo and let w = {wn} be a sequence of positive 
scalars satisfying condition (*) of Proposition 2.1. Then X*^^ is not isomorphic to any 
Banach space satisfying V2 ■ 

Proof. Suppose X.'^^^ is isomorphic to a Banach space Y satisfying V^- Let 
K = d (X* „,,y), the Banach-Mazur distance between X*^^ and Y. Let e > 0. Choose 
N eN such that (1 + e) (iC + e) < d the Banach-Mazur distance between £% 

and where q is the conjugate index of p. 

Choose a basic sequence {dj} in X* ,^^, as in part (b) of Proposition 2.13. Then 
{dj} is equivalent to the standard basis of £'^, but for ah distinct ji, . . . ,jN & N, 
{dj^ , djjv} is isometrically equivalent to the standard basis of 

Choose an isomorphism T:X*,^ — > Y such that ||r|| < K + e. Let 

{Vj} — {^iAj)}. Then {yj} is equivalent to the standard basis of 

Suppose {yj„} is a subsequence of {yj} such that {yj„} is (1 + e)-equivalent 
to the standard basis of i"^. Then the standard basis of is (1 + e)-equivalent to 
{Vh ^■■■^yjN }> {Vji > ■ • • > } is (-f'^ + e)-equivalent to {dj^ ,...,dj^}, and {dj^ ,...,dj^} 
is isometrically equivalent to the standard basis of Hence the standard basis of 
is (1 + e)(K + e)-equivalent to the standard basis of i'j^, contrary to the choice of A''. 
□ 

It is a fairly routine matter to show that for 2 < ;^ < 00, ^p, and © i^)* 
satisfy 7^2- We will show that for 2 < p < 00, (^^ © £^ © • • satisfies 7^2 as well. 
Thus for 2 < p < cxD, the duals of the classical sequence space Cp spaces satisfy 7^2 • It 
follows that for 2 < p < 00 and w satisfying condition (*) of Proposition 2.1, Xp^yj is 
isomorphically distinct from the classical sequence space Cp spaces. Rather than take 
this approach, however, we will show that (^^ © © ■ ■ ■)^p satisfies P2 for 2 < p < 00 
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as a lemma for a somewhat stronger result. 

The following example [RI, Sublemma 1] motivates the argument. 

Example 2.15. The space £^ satisfies V2- 

Proof. Let {e„} be the standard basis of Suppose {/„} is a basic sequence in 
£^ equivalent to {e„}. Then {/„} is weakly null, inf ||/n||^2 > 0, and sup ||/n||^2 < oo. 
Let e > and choose S > and 7 > such that (1+5)^ < 1 + e and (1+7)^ < l + (5. By 
the method of Bessaga and Pelczyhski [B-P, Theorem 3], choose a subsequence {gn} 
of {fn} such that {gn} is (1 + (5)-equivalent to a block basic sequence {6„} of {e„}. It 
remains to show that {bn} has a subsequence which is (1 + (5)-equivalent to {e„}. 

Note that {bn} is equivalent to {e„}, whence inf ||6n||^2 > and sup ||6„||^2 < 00. 
Choose a subsequence {ba{n)} of {bn} such that < L = lim ||6Q(n)||^2 exists, with 

-^YT7 ^ ^ -^(1 + 7) 

for all n. Then for scalars Ai, A2, . . ., we have 

Hence {6a(n)} is (l + 5)-equivalent to {e„}, but {gce{n)} is (l + (5)-equivalent to {ba(n)}j 
so {ga(n)} is (1 + e)-equivalent to {e„}. □ 

The following result [RI, Sublemma 1] is similar, but is more technical than 
motivational. In our first application, r = 2. 

Lemma 2.16. Let 1 < r < oo and let X be isomorphic to P . Suppose {fn} 
is a sequence in X which is weakly null but not norm null. Then {fn} has a basic 
subsequence equivalent to the standard basis {e„} of£^. 

Proof. Note that M = sup ||/n||x < ^ since {/„} is weakly bounded. Let {gn} 
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be a subsequence of {/„} such that inf H^nllx ^- Choose < S < 1 such that 
S < inf lls'nilx- isomorphism T-.i"^' — > X and its inverse S: X i"^ . 

By the method of Bessaga and Pelczyhski [B-P, Theorem 3], choose a basic sub- 
sequence {/in} of {gn} such that {/in} is equivalent to a block basic sequence {bn} of 
{r(en)}, with \\hn — bnWx < i ^^^^ Then for each n, 

S S 

\\K\\x ^ \\hn\\x - ll^n - ^nllx > - 2 ^ 2 

and 

ll^rallx < ll^n||x + ll^n-/in||x + o" 

Hence {S{bn)} is a block basic sequence of {en}, inf \\S{bn)\\fr > 0, and 
sup ||<S'(6n)||^'- < oo. Hence {S{bn)} is equivalent to {en}, so {bn} is equivalent to {en}- 
Since {hn} is equivalent to {6n}, {hn} is equivalent to {en}. □ 

Let 1 < g < oo and let iV G N. Let F be an index set, either {1, . . . , A^} or N. We 
now introduce some notation for X = ^X^®gr^^) y that is, X = (^^ © • • • ©£^)^g 
{N summands) or X = (^^ © • • ■)^q. Denote a generic x E X hy {x^^''}^^^, with 
each a;(j) G For each J G F, define ttj-.X by ttj ({x^^^ }^.g^) = x^'^l Let {efc} 
be the standard basis of l^. Let {eij} be the standard basis of X, with 7Tj{eij) = e, 
and 7rj'(ejj) = 0^2 for j, j' G F such that j ^ j' . 

The following somewhat idealized example provides a model to be approximated. 

Example 2.17. Let 1 < q < oo and let T, X = ( p ^^'j n^.X ^ i^, and 
{eij} be as above. Let {aj}^.gp be a sequence of nonnegative real numbers such that 
a = (YljeT > 0- Suppose {b[k]} is a basic sequence in X which is disjointly 

supported with respect to {eij}, such that for each j G F, ||7rj {b[k]) \\p = otj for all k. 
Then {&[fe]} is 1-equivalent to the standard basis of i'^. 
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Proof. For scalars Ai, A2, . . ., we have 



k=l 



X 



E 

ier 



(00 
E ^kb[, 
k=l 



P 



E ( E \M (6[fe])||; 

jer \k=i 



(2.13) 



E E Wo.. 



2 



jeT \k=l 



E«/ 



E lAfcl 
fc=i 



E lA^r 

Lfc=l 



Hence {^[fc]} is 1-equivalent to the standard basis of □ 

The fohowing lemma [RI, Sublemma 3] shows the relevance of Example 2.17 
for r = {1, . . . , N} to the space {i^ ® i"^ ® ■ ■ ■)^, for 1 < g < 2. 

Lemma 2.18. Let 1 < q < 2 and let X = (^^ © ■ ■ ■)^<,. Denote a generic 
X e X by {x(i),x(2), . . .}, with ... ei^. For each n G N, define P^:X ^ X 

by Pn{{x^^\x^'^\...}) = {x(^),...,x("),0,0,...} anddeSne Q^.X^X by 
Qn{x) = X — Pn{x). Suppose Y is a subspace of X isomorphic to i'^. Then 
lim„^oo ||<5n|y|| = and lim„^oo ||-Pn|y|| = 1- 

Proof. For each n € N, 1 — ||(3n|r|| < ||-fn|r|| < 1- Hence it suffices to show that 
lim„^oo HQnlrll = 0- Fix an ordering of the standard basis {ejj} of X. 

Suppose the conclusion is false. Then we may choose < S < 1 and 
2/1)2/2, . . . G y of norm one such that \\Qn (2/n)|lx — ^ each n, and (by the 
refiexivity of Y) such that {y„} is weakly convergent. Choose positive integers 
ni < n2 < . . . such that for k < k' , [[Qn^, (ynJWx < §• 

Let dk = 2/n2fc - Vn^k-i and let Tk = Qn2k- Then {dk} is weakly null, 



\Tkidk)\\x>\\Qn., (y. 



nikJWX 
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and for k < k', 



s s s 

\Tk' {dk)\\x < ||Qn,,, (Z/n^JlIx + \\Qn2k' {Vn^k-i^x < 8 ^ 8 " 4' 



Note that ||(ifc||x > ||Tj!c(dfc)llx > whence {dk} is not norm nuh. Hence by the 
method of Bessaga and Pelczyhski [B-P, Theorem 3] and Lemma 2.16, we may choose 
a subsequence {da(k)} of {dk} such that {da(k)} is equivalent to a block basic se- 
quence of the standard basis {ejj} of X, and such that {da(k)} and |(ia(fc)| 
are equivalent to the standard basis {ck} of i'^, where da[k) = <^a(fe) " IsuppJ 
< |, and there is a C > such that for each K G N, 



da{k) — da{k) 



X 



< c 



X 



Hence 



a{k) \ da{k) 



> 



X 



a{k) \ da{k) 



l-aik) 



da{k) - d 



and for k < k', 



Ta{k') 



{da{k)^ ^ < Ta{k') [da(k)^ 



S 

x<4- 



Let b. 



•a(k) 



'■a(k) — -J-a^k+l) 



) [da{k))- 



Then 



>a(fc) 



> 



X 



fa(fc) 



[da(k)^ 



X 



fa(fc+l) 



[da(k)^ 



-5 - - - - 

x^ 4 4 ~ 2' 



Hence for each K &N, 



> 



X 



19 



S 1 
2 



£ 1 1 

Thus for each K E N, < CK'^ , which is impossible for sufficiently large K. 

□ 



We have laid the groundwork for the following result [RI, Lemma 10]. 
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Proposition 2.19. Let 1 < g < 2. Then X = {l"^ e e ■ ■ ■) satisGes 7^2- 

Proof. Define iTj'.X —> i'^ and the standard basis {cij} of X as in the dis- 
cussion preceding Example 2.17. Let {ck} be the standard basis of £'^. Fix an ordering 
of {eij}. 

Suppose {/[fc]} is a basic sequence in X equivalent to {e^}. Then {f[k]} is weakly 
null, inf > 0, and sup \\f[k]\\x ^ e > 0. Choose > 0, 7 > 0, and i] > 

such that (1 + (5)^ < 1 + e, (1 + 7)^ < 1 + d, and ?? = ^, so that 1 + 277 = 1 + 7 and 
1 + ?7 < 1 + 7. 

By the method of Bessaga and Pelczynski [B-P, Theorem 3], choose a subse- 
quence {^[fc]} of {/[A;]} such that {^[jt]} is (1 + 5)-equivalent to a block basic sequence 
{b[k]} of {cij}. It remains to show that {b[k]} has a subsequence which is (1 + S)- 
equivalent to {cfc}. 

We will choose a subsequence of {^[fe]} in such a way as to approximate the 
situation of Example 2.17 for F = {1, . . . , N}, after the application of the projection 
Pjv of Lemma 2.18 for sufficiently large N. 

Note that {6[fc]} is equivalent to {ek}, whence inf ||6[fe] ||^ > 0, sup < 00, 

and [b[fc]]j,f ^ By Lemma 2.18, we may choose N such that for all x G 

i + 7 

where Pn is as in Lemma 2.18. Choose a subsequence {^'[a(fe)]} of {b[k]} such that for 
each j e{l,..., N}, Lj = limfc^oo ||7rj (?'[a(fc)]) ||^2 exists. Let 




Then L > inf ||^'[a(/c)] ||x *-* some Lj is nonzero. Let Ji = {1 < j <N : Lj > 0} 
and Jo = {1 < J <iV : Lj = 0}. Choose a subsequence {&[/3(fe)]} of {^[a(fc)]} such that 



for each j e Ji, 



for all A;, and for each j G Jq, 



1 Lt] 



for all k. Then for scalars Ai, A2, • • ., we have 



N / 00 2 2 ^ 



> 



E E |A.r (^.li^) 



2\ 29 



AT 



1 / ~ 9 

T— ^ E lAfcl' 

1 + ?? Vfc=i 



and 



N / 00 2 

E E |Afc| llvTj (fe[/3(fc)])|| 

J=l \fc=l 





q 






< 











< 



E ( E |Afc|^||7rj (6[/3(fe)])||J 

jeJo \fc=i 



jeJi \k=i 



E (EiA.r(^)T 

jeJo \k=i ^ ' J 



+ 



<(i + ^) E V ElAfel 



+ ^^?( E lAfcl 



<(l + 2r/)L (EJAfel'J 
(compare with equation (2.13) and its consequents). Noting that 
1 



1 + 7 



E Afc6[/3(fc)] 
fe=i 



< 



X 



Pn I E Afe6[^(fc)] 
fe=i 



< 



X 



E Afc^[/3(fc)] 

fe=l 



X 
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by the choice of N, and 



fc=i 



X 



N 

E 



k=l 



JV / oo 2 2 ^ ^'^ 

E ( E l^fcl IKi (^[/3(fc)])||^2 
j=l \k=l 



(compare with equation (2.13) and its antecedents), we have 
1 



1 + 7 



E ^kb[i3{k)] 

k=l 



< (1 + 27])L E 

X \k=l 



2^ 2 



and 



1 f °° 9 

T— ^ E |A.|' 

1 + \fc=l 



< 



E >^kb[i3{k)] 

k=l 



Hence 



(1 + 7)^ 



E ^^kbiiBik)] 

k=l 



<^fE|Afe|'V<(l+7)^ 



fe=l 



X \k=l / k=l X 

Thus {^[/3(fc)]} is (1 + 5)-equivalent to {e^}, but {5'[/3(fc)]} is (1 + 5)-equivalent to 
{hi3{k)]}, so {gif3{k)]} is (1 + e)-equivalent to {cfc}. □ 

The preceding proposition, together with the following lemma [RI] , will lead to 
the main result concerning the isomorphic distinctness of Xp^w 

Lemma 2.20. Let 1 < q < 2. Suppose X is a Banach space satisfying 1^2- 
Suppose Y is isomorphic to a quotient space of Then Z = X ®Y satisfies V2- 

Proof. Let {e„} be the standard basis of £'^. Suppose {zn} is a basic sequence in 
Z equivalent to {e„}. Let e > and choose S > such that (1 + 5)^ < 1 + e. 

Express each Zn as Xn © yn with x„ G X and Un & Y- Then there is a bounded 
linear operator T-.i"^ Y such that r(e„) = y„ for all n [e„ ^ Zn = Xn ® Vn '-^ Vn]- 
The adjoint T* induces a bounded linear operator from a closed subspace of to 
where p is the conjugate index of q. Hence T* is compact since 2 < p < oc 
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[R, Theorem A2]. Thus T is compact as well. Moreover, {e„} is weakly null. Hence 

limn^oo llynlly = lim„^oo ||r(en)||y = 0. 

Choose a subsequence {ya{n)} of {Vn} such that {z^^ri)} = {xa{n) ® Vain)} is 
(1 + (^)-cqmvalent to Choose a subsequence {xf^i^n)} of such that 

{xj3(n)} is (1 + (5)-equivalent to {e„}, as we may since X satisfies 7^2- Then 
{^/3(n)} = {xfiin) © y/3{n)} is (1 + e)-equivalent to {e„}. □ 

Finally we present the theorem [RI, Theorem 9] which (in its corollary) 
establishes that for 2 < p < oo and w satisfying condition (*) of Proposition 2.1, Xp^^i 
is isomorphically distinct from the classical sequence space Cp spaces. 

Theorem 2.21. Let 2 < p < oo and let w = {wn} he a sequence of positive 
scalars satisfying condition (*) of Proposition 2.1. Let V be a closed subspace of ff' . 
Then Xp^^j is not a continuous linear image of (^^ © £^ © • • © F. 

Proof. Equivalently, we show that for Y isometric to a quotient space of 
where q is the conjugate index of p, X*^^ is not isomorphic to a closed subspace of 

{i^®e'^®---)^,®Y. 

Let Y be isometric to a quotient space of i'^. By Corollary 2.14, X* ,^^^ is not iso- 
morphic to any Banach space satisfying 7^2- However, © £^ © ■ ■ ■)^, ®Y satisfies 7^2 
(as do all of its closed subspaces) by Proposition 2.19 and Lemma 2.20. □ 

The following corollary [RI, Corollary 14] extracts only part of the information 
available from the preceding theorem. 

Corollary 2.22. Let 2 < p < oo and let w = {wn} be a sequence of positive 
scalars satisfying condition (*) of Proposition 2.1. Then Xp^^ is isomorphically distinct 
from e'^, e, e © P, and ® £^ ® ■ ■ . 

Proof. Each of the spaces © F, and (^^ © © ■ ■ is a continuous 
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linear image of © © • • © P . However, X^^^ is not such an image, as 
established by Theorem 2.21. □ 

Complementation and Imbedding Relations for 

The following lemma [RI, Corollary 14] distinguishes the isomorphism types of 
two classical sequence space £p spaces, and is used in the proof that 
© © • • •)^p for 2 < p < oo. 

Lemma 2.23. Let 2 < p < oo. Then [f ® ® ■ ■ ■) ^ ■y^ i"^ ® t. 

Proof. Suppose T: {l? ® ® ■ ■ ■)^p ® t is an isomorphic imbedding. Let 

P:t^ ®t ^ ® jo^pj and Q:i^ ® ^ ^Op^ © £^ be the obvious projections, with 
P + Q = I, the identity operator on P (B£^. 

For each N e N, let Xn be the set of all s^^) © s^^) © • • • e {i^ @ ® ■ ■ ■) 
with = Op if n < N. Then each Xn is a subspace of © £^ © • • •)^p isometric to 
(^£^ © £^ © ' ' ') • 

We will show that iimjv^oo ||-P^|xivl| = 0. Assuming this for now, 
liniN^ao ||-P|T(XAr)|| = as well, so we may choose iV G N such that 
||i"|T(x^) -Q|t(x^)|| = ||-P|t(x^)|| < 1- Hence Q\t(x^)-T (Xn) ^ {o^2| ©^ is an 
isomorphic imbedding, and for an isomorphic imbedding R: £^ — > (^^ © £^ © • ■ ■)^p, the 
operator QTR:i^ |o^2| © £^ is an isomorphic imbedding as well. However, no such 
imbedding exists, and the lemma will follow. 

It remains to show that iimjv^oo II-P^IxatH is indeed zero. Suppose 
iimjv^oo II-P^IxatII 7^ 0. Then we may choose e > and a normalized sequence {xn} 
with a; AT G Xn such that H-PT (xa?) ||^2^|q} > e for each N. Let 
tn- {i^ ® £^ ® ■ ■ ■)^p (^^ © © • • •)^p be the truncation operator defined by 
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tn (s^^^ © s^^^ © • • •) = s(^) © • • • © s^-'^) © 0^2 © 0^2 © ■ ■ -. Choose positive integers 
Ni < N2 < ■ ■ ■ such that for xn^ = tn^+i (xn^), | < WxNkW^Pf^p^...-^ ^ < 1 and 
||Pr (5;jVfe)||^2^^o-|. > |. Then {xjv^,} is equivalent to the standard basis of Hence 
PTlr- 1 induces a bounded linear operator from into so 

PT\r-^ 1 must be compact. Hence some subsequence {PT {xn^^„^)} of 

{PT {xNk)} converges in norm. Since {xn^.} is weakly null, {PT {xn^)} is weakly null 
as well. Hence {PT {xNk^c,))} must converge to Op^^p in norm, contrary to 
ll^r(xjvJ||,2e{o}>iforan/c. □ 

We are now ready to see how Xp is related to the classical Cp spaces under the 
relations ■—>■ and Recall that X = Y means X "-^Y and Y '-^ X. 

Proposition 2.24. Let 2 < p < 00. Then 

(^Ci) Xp > £ © J 

(b) e®e^Xp, 

(c) Xp = f(B e, 

(d) Xp^£^®£P, 

(e) {E'^ i') ^ Xp, 

(f) Xp^{E^£^)^^, 

(g) V Xp, and 

(h) parts (b), (d), and (f) hold for 1 < p < 2 by duahty. 
Proof. 

(a) We norm © by ||a © 6||^2^^p = max|||a||^2, ||6||^p|. Let u> = {wn} he 
a sequence of positive scalars satisfying condition (*) of Proposition 2.1. Then 
Xp,^ ~ Xp. Define T: Xp^^ (B by T {{x^}) = {w^x^} © {xn}. Then T is 

an isometry. It follows that Xp "-^ £^ ® £^ . 
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(b) Let w = {wn} be a sequence of positive scalars such that W[i] = {w3n-2} satisfies 
mfw3n-2 > 0, wi2\ = {w3n-i} Satisfies J2 {''J'^Sn-i)"'^ < oo, and u;[3] = {w3n} 
satisfies condition (*) of Proposition 2.1. Then w satisfies condition (*) as well. 
Hence 

It follows that ^Xp. 

(c) The fact that Xp = £^ ® is an immediate consequence of parts (a) and (b). 

(d) Suppose Xp^e®^. Then Xp is a continuous linear image of ® contrary 
to Theorem 2.21. It follows that Xp ^ i'^ e i^. 

(e) Suppose (E® ^ ^P- Then (E®^^)^^ ^ Xp ^ ® by part (a), so 
(E® ^ © contrary to Lemma 2.23. It follows that (^E® 

(f) Suppose Xp ^ (^E® p- Then Xp is a continuous linear image of ^E® p! 
contrary to Theorem 2.21. It follows that Xp (^E®^^)^,,- 

(g) Suppose LP ^ Xp. Then (^E® ^ Xp, so (^E® ^^)^p ^ contrary 
to part (e). It follows that V Xp. 

(h) Parts (b), (d), and (f) are the parts involving □ 

Building on diagrams (1.1) and (1.2), for 2 < p < oo we have 

e®&> ^ ^ (2-14) 

/ III 
ep Xp 

and for 1 < p < oo where p 2, we have 

c c c 

c c c 

/ \ / 

F Xp 
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The Space Bp 

Let 2 < p < oo. The Banach space Bp is of the form (Xi © X2 © ■ • •)^p, where 
each space Xn is isomorphic to but {Xn}'^^^ is chosen so that 
supj^^^d (Xjv,^^) = 00, where d (Xjv,^^) is the Banach-Mazur distance between Xn 
and Each space Xjv is of the form Xp^^(N) where v^^^ is an appropriately chosen 
constant sequence. The specifics are outUned below. For the conjugate index q, Bq is 
defined to be the dual of Bp. 



The Space X „ 



(iV) 



Let 2 < p < 00 and fix A/" G N. Let vf'' = {j^) for each j G N, and let v^^^ 
be the constant sequence • Then Xp^^(N) is isomorphic to £^ by part (a) of 

Proposition 2.1. 

The following observation [RI] concerning Xp^^^N) is analogous to Propositions 
2.7 and 2.13, but starts with v^^'^ and produces u;^^) rather that the reverse. The 
lemma eventually leads to information about Bp. 

Lemma 2.25. Let 2 < p < 00 and Gx N e N. Let v^^) = j^^j^''} . where 
Vj^^ = (jf) as above. Then there is a sequence w^^^ = of 
positive scalars satisfying condition (*) of Proposition 2.1, a basic sequence j^j^"*! 

f (N) 1 °° 

in Xp^^{N), and a basic sequence | in X*^^^) such that 

(a) l^j^^l is isometricaUy equivalent to the standard basis of Xp ,^(N), 



3 

(b) there is a projection P^: X ^(iv) 



bf^ : j G N 



X 



of norm one, 

(JV) 



(c) l^j^^l is 2N -equivalent to the standard basis of £'^, but for all distinct 

ill - ■ ■ ijN £ N, I y^j^^ , ■ ■ ■ , bj^-^ I is isometricaUy equivalent to the standard basis 
of i^, and 
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(d) I'^j^'*! is 2N -equivalent to the standard basis of ^ , but for all distinct 

ji, - ■ ■ ijN £ I'^jf^'*, • • • is isometrically equivalent to the standard basis 

of i'j^, where q is the conjugate index of p. 

Proof. Choose a sequence jE'j-^^j of disjoint nonempty finite subsets of N 
and a sequence ' = of positive scalars satisfying condition (*) of 



Proposition 2.1 such that for each j G N, ^^^^(n) [wil^''j ^ = jf- [We may take 
Ej^'^ of cardinality j and (wi^^j ^ = for n € e'^^\\ Then for each j G N, 



p-2 

2p — 



Vj^^ = b'^j^^ I b^j^^ (analogous to bj and bj in Proposition 2.7), where {e„} is the 
standard basis of Xp^^^N). Then parts (a) and (b) follow from Proposition 2.7. 

Note that |£^j^^| satisfies the condition in the proof of Proposition 2.13. Let 
b^^'^ and b^^^ be as above (analogous to bj and bj in Proposition 2.13), and let 



if 



p-i 

(analogous to dj in Proposition 2.13, and considered as an 



df^ = bf^ 

element of X*^(jv)). Then parts (c) and (d) follow from Proposition 2.13. □ 



The Space Bp 



The following definition was suggested above, but we now present it formally. 



Definition. Let 2 < p < oo. For each iV G N, let v'^^^ = \ v - \ where 



( Ar\ p — 2 

V"- = (;^) ^ above. Define Bp to be (Xp „(i) © „(2) © • • •)^p. For the 
conjugate index q, define Bg to be the dual of Bp. 



The following proposition [RI] is the first step in showing that Bp is an Cp space. 
The subsequent proposition [RI] is somewhat stronger. 

Proposition 2.26. Let 1 < p < oo where p ^2. Then Bp '—^ L^. 
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Proof. First suppose 2 < p < oo. For each iV G N, let v^^^ be as above. Then 
as in the first part of the proof of Corollary 2.6, for each N G N there is a sequence 
{ } independent symmetric three- valued random variables in such that 

^p,v(^) ~ Ifj^'' : J € N ^ L^, where the isomorphism is uniform in N by the proof 
of Corollary 2.3, and the complementation is uniform in N by Theorem 2.5. Hence 

Bp = {Xp^vW e © ■ ■ A (L^' e LP © ■ ■ ~ LP, 

and LF . The result now holds for 1 < p < 2 by duality. □ 

Proposition 2.27. Let I < p < oo where p^2. Then Bp A [j^® -^p) p,' 

Proof. First suppose 2 < p < oo. For each iV G N let v^^\ w^^\ and 
1 6^^'* I be as in Lemma 2.25. Then by parts (a) and (b) of Lemma 2.25, there is a 
projection PN:Xp ,^^N) h^^^ : j G N of norm one, and there is an isometry 



—>■ Xp^(jv). Thus by the remark following Theorem 2.12, for 

(JV) 



any sequence w satisfying condition (*) of Proposition 2.1, 

Bp = (Xp^^(i) © Xp^^(2) © • • •)^p (Xp^^(i) © Xp^^(2) © • • •)^p 



Hence Bp ^ © Xp^^ © • • The result now holds for 1 < p < 2 by duality. 

□ 

Remark. Alternatively, the proof of parts (a) and (b) of Lemma 2.25 could be 
slightly modified to produce a sequence w = of positive scalars satisfying 

condition (*) of Proposition 2.1 such that Bp ^ {Xp^^ © Xp^^ © • • •)^p, without the 
passage through {Xp .^w © ,„(2) © ■ ■ ■)^p. 

Let 2 < p < oo. We will show that B* is not isomorphic to any Banach space 
satisfying 7^2- This will distinguish Bp isomorphically from i^, £^ ®£P, and 
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(^^ £^ © ■ ■ ■)^p. The proof follows the same pattern as the proof that X* is not 
isomorphic to any Banach space satisfying V2- The following proposition [RI] is 
analogous to Proposition 2.13. 

Proposition 2.28. Let 2 <p <oo. Then for each N eN, 

(a) there is a basic sequence j^j^'*! ii^ Bp, 2N -equivalent to the standard basis 
of i'^, such that for all distinct ji, - ■ ■ ,jN G N, | b^^'' , . . . , i^-^-* | is isometrically 
equivalent to the standard basis of and 

(b) there is a basic sequence ^dj^^^ B*, 2N -equivalent to the standard basis 
of , such that for all distinct ji, . . • , Jat G N, |(^^f^\ . . . , dj^ | is isometrically 
equivalent to the standard basis of where q is the conjugate index of p. 

Proof. Fix N e N. Let v'-^^ w^^\ b\^\ and d\^^ be as in Lemma 2.25. Let 

-i X (p^) 

2.27, and let S'jv: \bf^ : j G N " ^%(iv) be the isometry = {Tn^)* ■ Let 

ln '■ Xp ,^(^N) — > Bp and kn '■ ^* y{N) B* be the obvious isometric injections. 

Now l^j-^''! and have the properties asserted in parts (c) and (d) 

of Lemma 2.25. Let b^^'' = ln {Tn (^j^''))- Then the sequence j^j^"*! in Bp is 
isometrically equivalent to > and part (a) follows. 

Let be the restriction of d^f^ to : i G nI . Then 

is isometrically equivalent to | d^^-^ | by the argument in the proof of part (b) of 
Proposition 2.13, where it is shown that equality holds at (2.12). Let 
Sj^'' = kn (^Sn (^d^j^^^^- Then the sequence It^j-^"*! in B* is isometrically 
equivalent to and ; and part (b) follows. □ 

The proof of the following corollary [RI] is virtually identical to the proof of 
Corollary 2.14, with B* replacing X*,^, d!j^^ replacing dj, and Proposition 2.28 



X ^(jv) be the isometry cited in the proof of Proposition 
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replacing Proposition 2.13. 

Corollary 2.29. Let 2 < p < oc. Then B* is not isomorphic to any Banach 

space satisfying V2 ■ 

The fohowing theorem [RI] now fohows as in the proof of Theorem 2.21, with B* 
replacing X* ,^ and Corollary 2.29 replacing Corollary 2.14. 

Theorem 2.30. Let 2 < p < 00 and let V be a closed subspace of P . Then Bp 
is not a continuous linear image of (^^ © • ■ •)^p F. 

The following corollary [RI, Corollary 14] is analogous to Corollary 2.22. 

Corollary 2.31. Let 1 < p < 00 where p ^ 2. Then Bp is isomorphically distinct 
from i^, P , ^ P , and {(? ® P ® ■ ■ ■)^p. In particular, Bp is an Cp space. 

Proof. First suppose 2 < p < 00. Then each of the spaces P, i'^ P, and 
(^^ £^ © ■ ■ ■)^p is a continuous linear image of (f^ © © ■ ■ ■)^p ® P, but by Theorem 
2.30, Bp is not such an image. Finally, Bp ^ L^ by Proposition 2.26, but the fact that 
Bp has just been established. Hence Bp is an Cp space. The result now holds for 
1 < p < 2 by duality. □ 

We now know that Bp is isomorphically distinct from the classical sequence space 
Cp spaces. We present next some results to distinguish Bp isomorphically from Xp and 
L^ . The first result [RI] will distinguish Bp from Xp, and the three subsequent results 
will refine the distinction. 

Proposition 2.32. Let I <p <oo where p^2. Then (^^ © • • •)^p <^ Bp. 

Proof. First suppose 2 < < 00. Let v^^^ = j^j^'*} where v^^^ = [j^) 

as above. Choose a doubly indexed sequence \ Ei^^ \ of disjoint nonempty finite 

I- J J,NeN 
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subsets of N such that for each J, iV G N, 



2p ^ 



2p 



[We may take E^j^^ of cardinahty A''.] Let u~f^ = ^X^^^^CAf) {^f^^^ p 

•^^^ = l^^ j^^} • Then inf Uj^^ > 1. Hence by part (a) of Proposition 2.1, and the 
inequahty appearing in its proof, is isometric to Moreover, by Proposition 

2.7, Xp „(iv) ^ Xp ,y(iv), and the imphed projection is of norm one. Hence 

The result now holds for 1 < p < 2 by duality. □ 

The following lemma [RI] is a modification of Lemma 2.18. The proof is virtually 
identical, with P' replacing £^ and replacing . 

Lemma 2.33. Let I < q < r < 2 and let X = (x* © X* © ■ ■ ■ ) , where 
p is the conjugate index of q. Denote a generic x G X by [x^^\x^'^\ ■ ■ ■}, with each 
x^^^i e X* • -For each n G N, dehne Pn-X ^X by 
P„ = {a;(i),...,x('^),0,0,...} and deRne Qn- X ^ X by 

Qn{x) = X — Pn{x). Suppose Y is a subspace of X isomorphic to . Then 
lim„^oo ||Qn|y|| = and lim„^oo ||-Pn|y|| = 1- 

As a corollary, we have the following [RI] . 
Lemma 2.34. Let 1 < q < r < 2. Then T Bg. 

Proof. Suppose T Bq. Then F ^ X = (^X*^^^^ © X*^^^) ® ' ' 'j^,' where p is 
the conjugate index of q, since Bg = B* ^ (^p^(i) ® -^pv<■^^') ® " O^?' "^'^'^ X 
be an isomorphic imbedding and let Y = T{f). For each n G N, let X 
and Qn- X ^ X be as in Lemma 2.33, with P„ + Qn = I, the identity operator on 
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X. By Lemma 2.33, we may choose N E N such that — -Pjv|y|| = HQatIy || < 1- 
Hence Pn\y-Y Pn{Y) is an isomorphism. Now Y £^ and Pn{Y) ^ so Pn\y 
induces an isomorphism between and i'^. However, no such isomorphism exists, and 
the lemma follows. □ 

We state without proof [RII, Corollary 4.2]. 

Lemma 2.35. Letl<q<r <2. Then t ^ Xq. 

The following observation [RI] will distinguish Bp from . 

Lemma 2.36. Let 2 < p < cx). Then {jf Xp^ ^ (j2® 

Proof. By part (a) of Proposition 2.24, Xp ^ i'^ ® F. Hence, letting F denote 
the scalar field, 

~ {t." (')„(» e 

~(E*<^),.«)(E*f)^. 

~(E*(<=®f))^^ 

~(e*<=)„. 

□ 

Collecting our results and deducing simple consequences yields the following. 
Proposition 2.37. Let 2 <p < oo. Then 

(a) 

(c) Bp^[E^e)^^, 

(d) Bp^{j:^f)^^, 
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(e) Bp, 

(f) Bp ^ Xp, 

(g) Xp <^ Bp, 

(h) V i^Bp, and 

(i) parts (b), (d), and (g) hold for 1 < p < 2 by duality. 
Proof. 

(a) We know Bp ^ (E*^p)^p ^ (E®^^)^^ by Proposition 2.27 and Lemma 2.36. 
It follows that Bp ^ (E®^^)^^- 

(b) Part (b) is a restatement of Proposition 2.32. 

(c) The fact that Bp = ^E® is an immediate consequence of parts (a) and (b) . 

(d) Suppose Bp ^ ^E*^^) p- Then Bp is a continuous linear image of ^E* 
contrary to Theorem 2.30. It follows that Bp ^ (E®^^)^^- 

(e) We know Xp '-^ f ® ^ ^ (|e® ^^)^p ^ Bp by part (a) of Proposition 2.24 and 
part (b) above. It follows that Xp ^ Bp. 

(f) Suppose Bp^ Xp. Then (j2® ^^)^p ^ Bp ^ Xp ^ e ® t by part (b) above 
and part (a) of Proposition 2.24, so ^E® ^ ^ ® contrary to Lemma 
2.23. It follows that Bp ^ Xp. 

(g) Suppose Xp > Bp. Then Xq ■— > Bq, where q is the conjugate index of p. Hence 
ior 1 < q < r < 2, r ^ Xq ^ Bqhy Lemma 2.35, so ^ Bq, contrary to 
Lemma 2.34. It follows that Xp ^ Bp. 

(h) Suppose ^ Bp. Then ^ Bp ^ (|e® ^ 

by part (a) above, so 
IP ^ (^E® ^^)^p> contrary to [L-P 2, Theorem 6.1]. It follows that Bp. 

(i) Parts (b), (d), and (g) are the parts involving □ 
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Building on diagrams (2.14) and (2.15), for 2 < p < cxd we have 

^2 Bp 
\ III 

i^(B£P ^ (E*^') , ^ (2.16) 



/ III 
IP Xp 

and for 1 < p < oo where p ^ 2, we have 



c c c 



■'p 



^ i^^p ^ ^ (2.17) 

c c c 

/ \ / 

Xp 



Sums of Bp 



We now present results leading to the conclusion that Bp '-^ Bp® Bp and 
^p^ p ^ -^p- Along the way, we will show that the sequence used in the 

definition of Bp can be modified to some extent without changing the isomorphism 

type of the space. 

Lemma 2.38. Let 2 < p < oo. Let r = {r„} and s = {s„} he sequences of 

positive scalars, and suppose that inf^g^ Sn = 0. For each n G N, let r*^") be the 

constant sequence {r„, r„, . . .} and let s^"^ be the constant sequence s„, . . .}. Let 

Bp,r = {Xp^r(^) © Xp^^(2) © • • •)^p and Bp^g = {^p,sW © ^p,sC^) © " " \p- Then 
R ^ R 

Proof. Fix a subsequence of {s„} such that for each n G N, Sq;(„) < r„. 

2p 2p 

Let Sai^n) = and Rn = Vn'^ . Then Sa{n) < Rn for each n. Let {K^} be the 

sequence of positive integers such that for each n G N, 



2p 

KnSa(n) < Rn < {Kn + l)'S'a(n) < 2-fC„ < 2p-^ KnSa(n)- 
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Fix n G N. Let be a sequence of disjoint subsets of N such that each 

(n) 

Ej has cardinahty Kn ■ Then for each j G N, 

XI 'S'a(„) < -R„ < 2^ X 5a(„). 

p-2 

Let t„ = (^'^i^^^(n) Sa(n)^ " [which does not depend on j] . Then < r„ < 2t„. 
Henceforth") = {t„, t„, . . .} and a; G X^(n), < \\x\\-y < 2\\x\\-^ 

Thus -^p^r(") ~ -^p,t(") '^19' the formal identity mapping. Moreover, ^(„) -^p,s(c«(r.)) 
by Proposition 2.7, where the imphed projection is of norm one. 

Release n as a free variable. Then for each n G N, Xp^(„) ~ Xp^f(„) ^ Xp g(c,(,n)) , 
where the isomorphism Xp^(n) ~ is uniform in n. It follows that 

Bp,r = {Xp^rW © Xp^r(,2) © ■ ■ ■)^p ~ (-'^p,t(i) © Xp ^i2) © ■ ■ 

□ 

Remark. For 2 < p < oo, the space Bp is of the form Bp^s where s = and 
Bp^s are as above, with iufn^jq Sn = 0. 

Lemma 2.39. Let 2 < p < oc. Let r = {r„}, and Bp^r be as in Lemma 
2.38. Then Bp^r ~ -Bp,r © -Bp,r- 

Proof. Recall that Bp^r = (-^p,r(i) © -^p,r(2) © ■ ■ ■)^p- For each n G N, let 
-^fc I represent an element of Xp^(„) . Define a projection P: Bp^r ~^ -Bp,r by 
P ({4'^} © {4'^} ©•••) = ({4'^} © {4'^} ©•••)> where for fc,n G N, 4"^ = 4"^ 
if A; is even and a;^"'' = if fc is odd. Then the image of Bp^r under P is isomorphic to 
Bp^r, as is the kernel of P. Hence Bp^r ^ Bp,r © Bp,r- D 
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By the remark above, we have the following corollary (true for 1 < p < 2 by 
duality) of Lemma 2.39. 

Corollary 2.40. Let 1 < p < oo where p / 2. Then Bp ^ Bp® Bp. 

We also have the following corollary of Lemmas 2.38 and 2.39. 

Corollary 2.41. Let 2 < p < oo. Let r = {r„} and s = be sequences of 
positive scalars such that inf„gNr„ = and inf„gf!js„ = 0. Let r^'^\ s^"'\ Bp^r, s,nd 
Bp^s be as in Lemma 2.38. Then Bp^r ~ ^p,s- 

Proof. The spaces Bp^r and Bp^g satisfy the hypotheses of Lemma 2.8. □ 

Remark 1. Recalling the remark above, one consequence of Corollary 2.41 is 
that for 2 < p < oo, and for 1 < p < 2 by duality, the isomorphism type of Bp does not 
depend on the specific sequence \ {jf) ( used in its definition, but only on the 
fact that the infimum of the sequence is zero. 

Remark 2. Let 2 < p < oo. Then Bp is of the form {Xp^^(i) © Xp,^(2) © • • 
where for each N e N, w^^^ is a sequence of positive scalars. The above 

remark gives a sufficient condition for Bp ^ {Xp^^(i) © ^p,^(2) © • • •)^p in the case 
where each w^^'^ is a constant sequence. Although the details will not be given. 
Bp ^ © ^p,?«(2) © • • •)^p if and only if the following two conditions hold: 

(a) for each iV G N, tu^-^^ fails condition (*) of Proposition 2.1, and (b) there is an 
increasing sequence {ci{N)}N=i of positive integers and a sequence {5'Ar}^_j^ of 
infinite subsets of N such that for each N eN, cn = liminf^g^j^ w^j^^^'^^ > 0, 
but iimjv^cx) Cat = 0. 

Just as Bp® Bp Bp, {Bp ® Bp® ■ ■ ■)p ^ Bp, as shown below. 

Corollary 2.42. Let \ <p<oo where p^2. Then {Bp ®Bp®-- ~ Bp. 
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Proof. First suppose that 2 < p < cxd. Then Bp is of the form Bp^g where 
s = {sn} satisfies infnenSn = 0, and s^"^ and Bp^g are as in Lemma 2.38. Let >S be the 

J • Then S has infimum zero as well. 
Hence Bp^s ~ -Bp,s by Corollary 2.41. It follows that 



B. 



~ Bp,s- 



The result now holds for 1 < p < 2 by duality. □ 

Sums Involving Xp or Bp 

As observed by Rosenthal [RI], a few more Cp spaces can be constructed by 
forming sums involving Xp or Bp. The resulting spaces are ^ © Xp, Bp © Xp, 

and (Y1^ p ■ The following proposition [RI] shows that these spaces cannot be 
distinguished by the relation 

Proposition 2.43. Let 2 < p < oo. Then 

(a) Bp ® Xp ^ (Y1^ p (whence the same is true for 1 < p <2 by duaUty), 

(b) ^^)^p, Bp, (E® © ^p, Bp © Xp, and (^E* ^p) are equivalent under 
=, and 

(c) letting Y denote any of the five spaces of part (b) and letting X denote either 

© or Xp, we have X ^ V but V i^Y X. 

Proof. 

(a) By Proposition 2.27, we have Bp®Xp'^ p ® ~ (^^^ e' 
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(b) Consider the chains 
and 

established by part (b) of Proposition 2.37 and part (a) above. Now 

-^p) ^ ^^)^p Lemma 2.36, which completes each of the two 

cycles. It follows that the listed spaces are equivalent under =. 

(c) We know ® F ^ (E® ^')^^ ^ but (E®^')^^ ^ f (B as in 
the discussion of diagrams (1.1) and (1.2). The result now follows from the fact 
that X = £^®f hy part (c) of Proposition 2.24 and Y = (^E® by part (b) 



above. □ 

Building on diagram (2.16), for 2 < p < oo we have 

e Bp 

\ III 

/ III III 
IP Xp (e®^')^ 

(2.18) 

As we have seen, the relation ^ is inadequate to distinguish ^E® p ® 
Bp Xp, and ^E® "^p)^p isomorphically. We will distinguish these three spaces via 
the relation The next three results will distinguish Bp © Xp and ^E® -^p^ p- '^^e 
first result is a corollary of Lemma 2.34. 

Lemma 2.44. Let 1 < g < r < 2. Suppose S:t —>■ Bq is a bounded linear 
operator. Then given a sequence {e„} of positive scalaxs, there is a normahzed block 

basic sequence of the standard basis {cfc} of £^ such that ||'S'(x„)||g^ < e„ for 
each n G N. 
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Proof. It suffices to sfiow tfiat tliere is a normalized block basic sequence {xn} 
of tfie standard basis {ck} of such tfiat ||>S'(a;„)||^^ < for each n G N, for the 
result will then follow upon passing to an appropriately chosen subsequence of {a;„}. 

We define {xn} by induction, where each Xn is of the form J2keE„ ^k&k-, each En 
is a finite subset of N, each {A/,: k G E^} is a set of nonzero scalars, and 
max Ei < minEj for 1 < z < j. 

Let xi = J2keEi ^k^k be a normalized block of {ck}- Then ||S'(xi)||^^ < 
Suppose normalized disjointly supported blocks xi,. . . ,xn have been chosen, where 
Xn = ^k^k and ||'S'(a;„)||g^ < for each 1 < n < N, and maxEi < minEj 

ioT 1 < i < j < N. Let M = max En . Then as we verify below, we may choose 



xn+1 € spanjcfc: A; > M + 1} of norm one such that US' {xn+i)\\b^ ^ 



US'!! 



Suppose for a moment that no such Xat+i exists. Let Xm+i = [ek' k > M + 1]^,., 
which is isometric to Then for each normalized a; G Xm+i, \\S{x)\\q^ > Ij^qlj. 
Hence S\xm+i induces an isomorphic imbedding of i'^ into Bg. However, by Lemma 
2.34, no such imbedding exist. Thus xn+i can be chosen as claimed, and the result 
follows. □ 



Lemma 2.45. 



Letl<q<r<2. Then (j2® •^'^)^, ^ © 



Proof. Suppose (E® ^'')^, ^ -B, © Xq. Let T: (E® ^'^)^, ^ Bg ® Xq be an 
isomorphic imbedding. Let Q: Bq © Xg Bg® {^Xq } be the obvious projection. Then 
QT: r^^^ Bg® {Ox,} is a bounded linear operator. 

We will show that there is a subspace X of ^ ! isometric to ^E* , 5 

such that ||Q|t(x)|| < 1; whence (/ — <5)|t(x) induces an isomorphic imbedding of 
^E*^*^)^,; into Xg. However by [S, Proposition 2], presented below as Lemma 3.7, no 
such imbedding exists, and the lemma will follow. 
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Let {em,n} be the standard basis of ^X^®^'"^^^, where for each n G N, {em,n}m=i 
is isometrically equivalent to the standard basis of i'^. By Lemma 2.44, for each n G N 
we may choose a normahzed block basic sequence of {^m,n}^=i such that 



< 



||T-i||2'=+' 



-. Let X 



x^j^^ : A;, n G N I . Then X is isometric to 



^^®£r^^^. Let |Ai^^^}e|Aj^^^}e--- G (rere---)^? be of norm one. Then 



n=l k=l 



n.= lfe=l ^ ^ 



ra=l fc=l ^ 

II J- — 1 ||2fc+Ti 

n=l fc=l 
1 



ir-i|r 



Hence llQTUll < p4^, so ||g|T(x)|| < ||T-i|| ||Qr|x|| < 1. Thus (/ - 

induces an isomorphic imbedding of ^E*^*^) , i^^o "'^g' where / is the formal identity 

mapping, but no such imbedding exists. □ 

Proposition 2.46. Let 1< p < oo where p 2. Then (^X)* ^p) 'h Bp® Xp. 

Proof. First let 1 < g < 2 and suppose (j2® Xg^ ^ ^ Bq®Xq. For 



1< g < r < 2, r by Lemma 2.35, so ( X® tj^^^ ^ Xg '^ 



Bq e Xq. 



Hence ^E* Bq® Xq, contrary to Lemma 2.45. It follows that 

(E® ^q) ^q'h Bq®Xq. The result now holds for 2 < p < oo by duality. □ 

The next two results will distinguish ^E*^^) p®-^p Bp®Xp isomorphically. 
The lemma isolates some preliminary calculations. 



Lemma 2.47. Let 2 < p < oo with conjugate index q, and let n G N. Let 

p-2 

Xp^^(„) be as in the dehnition of Bp, and let Vn denote (^) , the value taken by the 
constant sequence v^") . Let be the closed unit ball of Xp .^,(„) . Then for G N 
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_2p_ 



such that Mn <Vn'' ^ 



n, 



sup 



m=l 



Moreover, for K eN and {Xk} e i^, 



sup 



K n 

k=i e=i 



K 



fc=i 



Proof. Let M G N and let {dm} be a sequence of scalars. Then by Holder's 
inequality, 



and 



M 

Z) dm 
m=l 



M 
m=l 



M 



m=l 



< E E \dmf 



M 



m=l 



1 / M \p 

E Mm'^ 
\m=l 



M 

E ^^r, 
m=l 



E ^dmVr. 
m=l 



1 / M 

< - E 1^ 

\m=l 



M 



E Mm^nl 
m=l 



1 



M 



E \dmv^ 



m=l 



i 1 

Suppose {dm} e Then (^Em=i \dmf) " < 1 and (|Em=i Mm-fnl^) < 1- Hence 



< and 



< It follows that 



sup 

n 



M 

E 
m=l 



< min<' M9, — Mt [> . 



_2p_ 



Let M„ G N such that M„ < • Then ' 



p— 1 _ 1 



M>' < f , so 



Mn < —Mn ■ Hence with no loss of sharpness, 



sup 

n 



E dm 
m=l 



Letd„ = -^M^ 



Then E::f=i 



Mr? = M„ ^ for 1 < m < M„, and = otherwise. 

2 



1 and E;!f:i 



dm'^n 



G Moreover, 



M„V Hence 



t;„M,? ^ ) < 1, whence 



sup 

n 



E 
m=l 
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It follows that 



sup 



m=l 



(2.19) 



Let K e N, letjAfc} G and let {dk,e} be a sequence of scalars. Note that 



— n2 = n2p n2 = n p 



n" . Then by Holder's inequality, 



k=ie=i 



K n 



E E ^kdk,i < E E lA^r EE \dk,if 



k=ie=i 



q / K n 



k=lt=l 



/ K \Q/Kn 

ElA.r E EM 



\k=l 



k=ie=i 



and 



K n 

E E ^kdk,e 

k=li=l 



K n 

E E ^kdk,evr. 

k=i e=i 



1 / 



K n 



< - E E lAfcr EE \dk,en 



\k=lt=l 



f K n 



1 



K 



—n^ E |Afc| 



fc=i 



Vfc=i £=1 
E E \dk,evn 

k=li=l 



K 



fc=l 



2 / K 



E |Afc| (EE \dk,tVr. 



\k=l i=\ 



Suppose {dk,i\ e Bn- Then (^Ef=i ELi \dk,lf^ < 1 and 

(T,k=iT,l=i\dk,eVn\^y < 1- Hence Ef=i E"=i Afc4,^ < (E^Li lAfel') and 



Ef=i ELi Afc4,^ 



sup 



< (^E^i |Afcf^ • It follows that 



K n 

E E A/c(ifc,< 
fc=l^=l 



K 



<nimin<^ E l^kl" ] , E |Afc 



fc=i 



K 



k=l 



K 



= n-! E |Afc| 
\fe=i 

Let dk e = —n~^Xk for 1 < £ < n and 1 < k < K, and dk e = ^ otherwise, where 

- , _1 p-2 _1_ 

Afc is the complex conjugate of A^. Note that — n 2 = n n ^ = n p. Hence 



K n 

E E 
fe=i^=i 



k,i 



p\ p 



1 f K n 

= n-^ E ElAfcl 
\fc=i^=i 

1 

K \p 

E lA.r 
fe=i 



K 



< ( E |Afc 
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and 



dk,iVn\ 

k=ie=i ' 



K n 

C I 



K 

fe=l 



Thus for (^Ef=i l^fcf ) ' < 1> e Bn- Moreover, for (^Ef=i l-^fcl^) ' = 1> 



iC n 

E E ^kdk,^ 

k=ie=i 



K n ^ 2 1 ^ 2 1/^^ 2 



k=li=l 



k=l 



k=l 



Hence 



It follows that 



sup 



sup 

{<ifc,£}eB„ 



K n 

E E -^fc<^fe,£ 
fc=i^=i 



i<: n 

E E -^fcc^fc,, 

fc=l^=l 



K 



> E l-^fcl 
.fc=i 



if 

{ E l^fcl 



(2.20) 



□ 



Proposition 2.48. Let 1 < p < oo where p ^ 2. Then Bp ^ {y,® f^^^ © Xp. 

Proof. By duality, it suffices to show that Bg ^ ^^)^, © for 1 < g < 2. 
Let 1 < q < 2 and suppose Bg > ^E* , ® ^g- Let p be the conjugate index of q. 
For each n G N, let Vn and be as in Lemma 2.47. Now Bg ^ B* ^ X*^(„)^^^, 

so (y®x* 



j:''f]^^®Xg. Let r:(E"^;,( 



an isomorphic imbedding with complemented range. Let 

Q: (E® -^^^ ^/'y^®^'2 



E 



be 



© Xg ^ (^Xl ^^j^, ® {O-^,} be the obvious projection. Then 
QT: (E*^*„(n))^, ^ (E®^^)^, ® {OxJ is a bounded linear operator. 

We will show that there is a subspace Y of ^E® -^p v(^)^ , isometric to 
(E®^')^, such that ||Q|T(y)|| < 1, whence (I - Q)\t{y) induces an isomorphic 
imbedding of ^E® ^^)^, -^Q^ where I is the formal identity mapping. However 
by [S, Proposition 2], presented below as Lemma 3.7, no such imbedding exists, and 
the proposition will follow. 
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Let {em,n} be the standard basis of (Y1^ -^pvi")) where for each n G N, 
{^m,n}m=i isometrically equivalent to the standard basis of X*^^^^ and equivalent 
to the standard basis of i'^. Let {em,n} be the standard basis of ^, 
where for each n G N, {em,n}m=i isometrically equivalent to the standard basis of 



For K £ N, let T{K) denote a subset of N having cardinality K. Let M € N. 
Then for fixed n G N, letting ( , ) denote the action of X* („, on Xp y(^n) , 



mer(M) 



sup 
{dk}eB„ 



sup 

{dk}eB„ 



sup 

{dk}eB„ 



,fc=l mer(M) i 



fcGr(M) 

M 

Yl dk 

k=l 



(2.21) 



Now for fixed n € N, letting M„ < 



2p 
p-2 



(2.19) yield 



E ' 

meT{M„) 



n as in Lemma 2.47, equations (2.21) and 



or upon normalization, 



_ 1 

■^n ' E ^m,n 

mer(M„) 



1. 



(2.22) 



We now introduce a construction which will be used in two different settings. Fix 
n G N and let M„ = = n. Let <^ \ be a sequence of disjoint subsets of 

N, each of cardinality M„. Let {r(m)} be an increasing sequence of positive integers. 



For each k & 'N, let x 



(n) 
k 



E^pe(") ^T(m),n- Then each x^""^ is of norm one 



x^" I is equivalent to the standard basis of i^. Recalling 
equation (2.20) for the last step, for G N and {A^} G 
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K 
k=l 



(n) 



1 sup 



n 9 sup 



\k=l 



K 



e=l k = l 



K 



E ^fc E 



(n) 



(2.23) 



Hence is in fact isometrically equivalent to the standard basis of i"^. 

We now distinguish two exhaustive but not mutually exclusive cases. In the first 
case, there are infinitely many n G N such that iim^^oo ||<32^(em,n) || = 0- In the 
second case, there are infinitely many n G N such that limsup^^fq \\QT{em,n)\\ > 0. 

We will show that in either case, there is an increasing sequence {n{i)}^^ of pos- 
itive integers and a sequence {Xn{i)}°^-^ of subspaces of ^E^^^^p^Cn)) ^ such that for 
each ? G N, Xn{i) is a subspace of [em^„(i): m G N] isometric to with 
||Q|T(x„(i))|| < ||^~^|| II ^ ^^^^ follow that there is a subspace 

y = (E® >^n)^, of (E® ^;,.(.))^, isometric to (E®^')^, such that 
||Q|T(y)|| < \\T-^\\ \\QT\y\\ < 1. [Yn(i) = and ^ = {0} if k ^ {n{i)}.] As noted 

before, the proposition will then follow. 
The first case. 

Fix n G N such that lim^^^ \\QT (e^.^^)!! = 0. Choose a subsequence 

{ea{m),n}Z=i °^ {^rn,n}^=i such that for each m G N, 

||Qr(ea(m),n)|| < 



Let M 



n — "^n 



_2p_ 

= n. Let 



be a sequence of disjoint subsets of N, each 



of cardinality M„, such that for each k E N, iniE^^ > k. Then for each m G 
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< 



For each k e N, let x^^^ = M„ ' ^ 



k 



Then each x^j™'* is of norm one by equation (2.22), is isometrically equiv- 

alent to the standard basis of £^ as in equation (2.23), and for each a;^"\ 



^a(m),n) 



<n-i E ||Qr(e, 



Q(m),n J 



< n 9 n- 



2k+n 



2k+n 117^— 1 II ' 



Let {Afe} G £^ be of norm one. Then 



k=l 



(n) 



Ex.qtU-A <e Qr(xi")) 
fe=i ^ ^ fe=i ^ ^ 



fc=i 

1 



Letting X„ 



x^"^ : G N 



2" ||r-i|| ' 

, it follows that ||g|T(x„)|| < WT-'W \\QT\xJ < ^. 
Release n G N as a free variable. Let {^(z)}^^ be an increasing sequence of pos- 
itive integers such that for each i E N, limm^oo ||QT'(em,n(i))|| = 0- Then for each 
i e N, there is a subspace of ^E* "'^p q isometric to £^ such that is a 

subspace of [e^,n(i):m G N] with ||Q|r(x„(,)) || < \\T~^\\ \\QT\x„^,^\\ < ^ < ^- Thus 
the proposition follows in the first case. 
The second case. 

Fix n G N such that c„ = limsup^gf^ HQT (em,„)|| > 0. Then c„ < \\QT\\. 
Given < e < 1, we may choose a subsequence {ea(m),n}'^^i of {em,n}m=i such that 
linim^oo \\QT {e 

a(m),n)\\ — with SUp^gp^ \\\QT{ ^a{m),n)\\ ~ c„| < ec„, and such 
that {QT {ea[rn),n)}'^^i is a basic sequence [B-P, Theorem 3], whence 
QT\\^ .rr,cKil is an isomorphic imbedding and {QT (ea(m) n)]°°-^ is equivalent to 
the standard basis of i^. Now by Proposition 2.19, given < e < 1 and such a 
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sequence {e„(„)^„}^_^, we may choose a subsequence {ef3{m),n}'^-i such that 
{QT {&p{m),n)}^^i is (1 + e)-equivalent to the standard basis of l"^. 



2p 



Let M„ = Vn^ ^ = n. Let l^?^"-*! be a sequence of disjoint subsets of N, 



each of cardinahty M„. Given < e < 1 and {ef^(^rn),n} ^ above, for each G N 
let x^"^ = Mn 5^ cB^"' ^P{rn),n- Then each x^"-* is of norm one by equation (2.22), 

isometricahy equivalent to the standard basis of £^ as in equation (2.23), and for each 



(n) 



QT (4")) 



= Mn " 



J2 QT {ei3{^rn),n) 



meE, 



(") 



(2.24) 



where the approximation can be improved to any degree by the choice of (e and) 
Given < e < 1, we may choose a sequence as above such that 



QTix 



k 



Mi i 



< eMn Cn, where QT\ r („) -i is an isomorphic 
imbedding and ^QT ^x^"^^ | is equivalent to the standard basis of Thus by 
Proposition 2.19, given < e < 1 and such a sequence |^fc"'*| > there is a sub- 
sequence l^^^^fe)! such that ^QT (^^^"i))! is (1 + e)-equivalent to the standard 
basis of i"^. Recalling (2.24), it follows that for {Afc} G i'^, 

where the approximation can be improved to any degree by the choice of (e and) 
/ in) \°° 

Now ja;^"-'! is isometrically equivalent to the standard basis of £^ as noted 



(oo 
fe=l 



(n) 
7(fc) 



oo n\ 2 _ 1_1 

- , E lAfcl 1 "Cr, 

.fe=l 



(2.25) 



above, and the same is true of |a;*^7Ll 
(2.25), it follows that 



Let X„ 



x^'ll, -.ken 



Then by 



\\QT\xJ^M^ V„ <n^-i \\QT\\, 



(2.26) 
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where the approximation can be improved to any degree as in (2.25). 

Release n as a free variable and note that linin^oo n^" ? \\QT\\ = 0. Hence by 
the hypothesis of the second case and by (2.26), we may choose an increasing sequence 
{"(Oli^i of positive integers such that for each i G N, 

Cn{i) = limsup^gi^ ||Qr(e„,„(i))|| > and there is a subspace of (E® 

isometric to such that X^^i) is a subspace of [em,n{i)-iTT' € N] with 
\\Q\ T(x„(i))|| ^ \\T ||Qr|x„(;) II < 2*. Thus the proposition follows in the second 
case, and in the general case. □ 

Collecting our results and deducing simple consequences yields the following. 

Proposition 2.49. Let 1 < p < oo where p ^2. Then 

(^) B,^{E''i')^^, 

(b) (j:^i')^^ex,^(j:^i^)^^, 

(c) B,^(j:^f)^^®x„ 

(d) (e®^2)^^©x^^s„ 

(e) Bp(BXp^ Bp, 

(f) Bp(BXp^ •^')^, ® Xp, and 

(g) {E''Xp)^^^BpeXp. 

Proof. 

(a) Part (a) is a restatement of part (d) of Proposition 2.37. 

(b) Part (b) follows from part (f) of Proposition 2.24: Xp (E®^^)^^- 

(c) Part (c) is a restatement of Proposition 2.48. 

(d) Part (d) follows from part (g) of Proposition 2.37: Xp Bp. 

(e) Part (e) follows from part (g) of Proposition 2.37: Xp ^ Bp. 

(f) Part (f) follows from part (c) above. 
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(g) Part (g) is a restatement of Proposition 2.46. □ 

Building on diagram (2.17), for 1 < p < oo where p 7^ 2, we have 



c 



/ \ Tc 

c c 



Xp 



c 



Xp 



(2.27) 



Concluding Remarks 



Fix 1 < p < 00 where p i^2. 

If X and Y are separable infinite-dimensional Cp spaces, then X © y is a 
separable infinite-dimensional Cp space as well. Suppose X and Y are as above and 
are isomorphic to their squares. If X and Y are incomparable in the sense that 
X ^Y audY ^ X, then X ®Y \s isomorphically distinct from both X and Y , while 
if X A y, then X®Y r^Y. 

Prom the list ff' , f © t , f'^^^, Xp, Bp, (^^® ^p)^p' ^^^^^ spaces, the 

only incomparable pairs of spaces are | ^E*^^) ^ '"^p| {Bp,Xp}. As has been 
shown, ( ) © and 5p © Xp are isomorphically distinct from each of the 



seven listed spaces and from each other. Augmenting the list of seven spaces with the 
two new ones, the only new incomparable pair of spaces is |Sp, ^E® p ® "'^pI" 

However (E® ^ Bp, so Bp © ~ Bp, whence 

5p © ( ^ Xp] - (Bp © ) © Xp ~ Sp © Xp, which has already 



been included in the augmented list. 

If Z is a separable infinite-dimensional Banach space such that Z V , then 
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^ ig a separable infinite-dimensional Cp space. However, from the augmented 
list of nine spaces above, no space arises from this method of construction which has 
not already been included in the list. 



CHAPTER III 



THE TENSOR PRODUCT CONSTRUCTION OF SCHECHTMAN 

Let 1 < p < oo where p ^ 2. Schechtman [S] constructed a sequence of isomor- 
phically distinct separable infinite-dimensional Cp spaces by iterating a certain tensor 
product of Rosenthal's space Xp with itself. Using X®" to denote (g) ■ ■ ■ 
{n factors), the resulting sequence is {^p"}'^^-^- 

For closed subspaces X and y of L^, X(g)y is defined to be the closed linear span 
in L^{[0, 1] X [0, 1]) of products of the form x{s)y(t) where x £ X and y £ Y. It is a 
fairly routine matter to show that if X and Y are separable infinite-dimensional Cp 
spaces, then X (g) y is a separable infinite-dimensional jCp space. More work is required 
to show that for m n, X®™ 7^ X®". 

The Tensor Product Construction 

We begin with some preliminary definitions and lemmas. For each G N, let 
I'' = [0,1]*^. Let m,neN. 

Definition. Let 1 < p < 00 and let X and Y be closed subspaces of LF{I'^) and 
L^{I^), respectively. Define the tensor product X ®Y of X and Y by 

X y = [x{s)y{t) ■.xeX,yeY,sei"',te r]^,^j^+„y 

Denote the element x{s)y(t) by x ®y. 
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Let X and Y be as above, and let Z he a closed subspace of for some 

k^n. Then X ® [Y ® Z) = {X ®Y) ® Z . Thus the expressions X ®Y ® Z and 
0i=i ^ ^I'S unambiguous. The tensor power 

®i=i X will also be denoted X®^ . 
The following lemma will be used in the proof of the fact that the tensor product 
of complemented subspaces of V is a complemented subspace of (^^)- 

Lemma 3.1. Let 1 < p < oo. TJien ^^(1'") ® LF^"") = ^^(7"^+"). 

Proof. Note that L^(/'") ® LP{r) is a closed subspace of LP(/"^+"). Thus it 
will sufHce to show that ^^(7'") (g) ^^(7") is dense in L*'(7'"+"). Let / G L^(7'"+") 
and let e > 0. Choose g G (7(7"^+") such that ||/ — gWj^p^j^j^^^ < |. By the Stone- 
Weierstrass theorem, choose h G SpaUf^^ jm+n) {h^{s)h2{t) : hi e C(7-),/i2 e C(7")} 
such that \\g - /i||iP(/m+n) < \\g - /i||Loo(j„^+„) < |. Then ||/ - /i||iP(/m+r.) < e. □ 

The tensor product preserves the property of having an unconditional basis, as 
shown in the following lemma [S, Lemma 3]. 

Lemma 3.2. Let 1 < p < oo and let X and Y he as above. Suppose {xi} and 
{Uj} are unconditional bases for X and Y, respectively. Then {xj (g) yj}- ^^^^ is an 
unconditional basis for X ^Y. 

Proof. Note that [xi (gi : i, j G N] = X (S> Y. Let {vk} be the sequence of 
Rademacher functions. Then by the unconditionality of {xj(s)} for each t, Fubini's 
theorem, and a generalization of Khintchine's inequality, for scalars 
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i j 



ds dt 



III! 
III! 

j j f EE|ai,j^i(«)yjWn ds 



E E ai,jri{u)rj{v)yj{t)Xi{s] 

i j 

Y.T.ai,jXi{s)yj{t)ri{u)rj{v] 

i j 



ds du dv dt 



du dv ds dt 



dt. 



If Ei Ei o-iA^i ® Vj) = 0' then // Ej \0'i,jXi{s)yj{t)f^ ^ ds dt = Ohy the 
inequahties above, and = for all i,j G N. Hence {xi yj}ij^f>{ is a basis for 
X (g) y. The unconditionality of {xi (g) yj}- ^^pj is similarly clear from the inequalities 
above. □ 

Definition. Let I < p < oo. Let X and X' he closed subspaces of L^{I"^), and 
let Y and Y' be closed subspaces of L^(/"). Suppose S:X^X' and T:Y ^ Y' axe 
bounded linear operators. Define the tensor product S ^ T : X ig) Y ^ X' ® Y' of S 
and T by 

iS®T) (^E^i(%iW) =T.Six^){s)Tiy,)it) 

for sequences {xi} in X and {yi} in Y such that J2i Xi{s)yi{t) G L^ (1"*+"'). 

The tensor product of bounded linear operators is bounded and linear, as shown 
in the following lemma [S]. Moreover, the tensor product of projections is a projection, 
and the tensor product of isomorphisms is an isomorphism, as shown in the subsequent 
lemma [S, Lemmas 1 and 2]. 

Lemma 3.3. Let 1 < p < oo and let X, X' , Y , Y' , S, and T be as above. Then 
S®T is well-defined and linear, with \\S (g) Til < IISII ||r||. 
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Proof. For i G N, let Xj G X and yi E Y. Then S ®T is formally linear by an 
easy computation. Suppose only finitely many elements of {xj} and {j/j} are nonzero. 
Then by Fubini's theorem, 



{S^T)(j:xi{s)yi{t) 



LP(7'"+") 



ES{xi)is)T{yi)it) 

i 

s(j:T{yim^^ 

< \\sr 

= Wsf 

= \\sr 

< \\Sf\\Tf J 

= \\sr\\Tr [ 



ds dt 



^T{y,){t)x 

V 

J2T{yi){t)xi{s ' 



ZTiy^mx,is) 



T T,Xi{s)y, 



T.Xi{s)yi 



p 



dt 

dt 

ds dt 
dt ds 
ds 



LP(7") 
P 



ds 



Y.Xi{s)yi{t) 



dtds 



= ll-^iriirii^ 



Y,Xi{s)yi{t) 



If 2; = '^iXi{s)yi{t) = 0, then {S T){z) = by the inequality above, whence 
{S (8) T){Q) = independently of the representation of 0, and 5 (8) T is well-defined. 
Moreover, US' (g) r|| < H^H ||T|| by the inequality above. □ 

Lemma 3.4. Let 1 < p < 00 and let X, X' , Y , Y' , S, and T be as above. 

(a) If S and T are projections, then S i^T is a projection. 

(b) If S and T axe isomorphisms, then S ®T is an isomorphism. 

Proof. 

(a) Suppose S and T are projections. Then 

{S ^Tf = {S ^T){S ®T) = ^T^ = S ^ T. Hence 5 T is a projection. 
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(b) Suppose S and T are isomorphisms. Then 5 (8) T and (g) are formal 
inverses, and \\S~^ (8)T~^|| < HS*"""^!! by Lemma 3.3. Hence (8>r~-'- 

is bounded and S T is an isomorphism. □ 

Remark. Let 1 < j3 < cx). Suppose X ^ L^il"^) and Y ^ L^{I"). By part (b) 
above, X ®Y is well-defined up to isomorphism if we identify X ®Y with X' ® Y' 
for closed subspaces X' and Y' of LF{I^) and isomorphic to X and Y, 

respectively. 

The tensor product of complemented subspaces of LF is complemented, and the 
tensor product of Cp spaces is an Cp space, as shown in the following proposition 
[S, Lemma 1]. 

Proposition 3.5. Let 1 < p < oo where p / 2. Suppose X and Y are 
separable inGnite-dimensional Cp spaces. Then X ®Y is a separable inhnite- 
dimensional Cp space. 

Proof. It is clear that X ®Y is separable and infinite-dimensional. Let X' and 
Y' be complemented subspaces of isomorphic to X and Y, respectively. Then there 
are projections Px'-LF X' and Py'.LF Y' . By part (a) of Lemma 3.4, 
Px' (8) Py'.L^ (g) — > X' (g) y is a projection as well, so X' (g) F' is a complemented 
subspace of ® LF, which by Lemma 3.1 is equal to L^{I^). Hence 
X y - X' (g) y ^ LP LP = LP(/2) ~ LP. 

It remains to show that X ®Y i^. By [L-P, Proposition 7.3], P "-^ Z for every 
infinite-dimensional Lp space Z. Now <^ X and [yo] '^Y lor ^Y \ {0}, whence 
P ® [yo] ^X®Y. It follows that X®Y rf^. □ 

Of course it follows that X®" is an Lp space for 1 < p < oo with p^2. 
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The Isomorphic Distinctness of X®"* and X®" 

We now present results leading to the conclusion that the various tensor powers 
of Xp are isomorphically distinct. The main result is Theorem 3.10 below. 
First we state some facts about stable random variables. 

Let 1 < r < 2. Then there is a distribution /j, such that J^e^"'^ dfx{a) = e"'^'^ 
and a random variable /: [0, 1] — > M having distribution /j,. Such a random variable / is 
said to be T-stable [W, III. A. 13 and 14]. 

If / is a T-stable random variable, then / G L* for each 1 < t < T < 2. Let {/„} 
be a sequence of independent T-stable random variables. Then for each 1 < t < T < 2, 
is isometric to F [W, III.A. 15 and 16]. 

Let 1 < t < T < 2, and let {/„} be a sequence of independent identically 
distributed T-stable random variables normalized in L*. Then the sequence {/n} in 
is isometrically equivalent to the standard basis of £*, and equivalent to the standard 
basis of £*' for aU 1 < < T < 2 [RII, Corollary 4.2]. 

The following lemma is [S, Proposition 1]. 

Lemma 3.6. Let 1 < q < r < s <2. Let X and Y he closed subspaces of 
isomorphic to t and i^, respectively. Then (g) ~ X (g) y ~ (^Z^* ^^'^ 
equivalence of their standard bases. 

Proof. Choose a sequence {xi} in X of independent identically distributed r- 
stable random variables normalized in L*^, and a sequence {yj} in Y of independent 
identically distributed s-stable random variables normalized in L^ . Then 
X - r ~ [Xi]^, and Y ^ [yj]^,. 

For scalars aij, by the r-stability and ^-normalization of {xj} with q < r, we 
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have 



i J 



dudv 



E ( E«ij%(^) 1 Xi{u) 



du dv 



dv. 



Hence by the concavity of ( and the s-stabihty and r-normahzation of {yj} with 
r < s, we have 



EE^ij {xi®yj) 



E 



'>lai,iyj{v] 



J2ai,jyjii 



dv 



dv 



dv 



= E El« 



1,3 \ 



Moreover, by the triangle inequahty and the s-stabihty of {yj} with g < s, we have 



i 3 



E 



/IK 



> 



T.aijyj{i 



J2aijyj{v) 

3 



E 



E ( E loijl 



J i=l 

q -.00 

dv I 

) i=l 



9 



dv 



Hence {xi ® yj} is equivalent to the standard basis of ^E^ > ^'^d 
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Let 1 < p < oo and let {xj} be a sequence in LF . Then {xi} is said to be 
uniformly p-integrable if for each e > 0, there is an iV G N such that 

A basis {xj} for a space X is said to be symmetric if for all permutations r of 
scalars a^, r (oj) Xi converges if and only if aiXi converges. 
The following lemma is [S, Proposition 2]. 

Lemma 3.7. Let l<q<r<s<2. Then there is no sequence {xij}^ 
of independent random variables in equivalent to the standard basis of ^X^* ^ ■ 

Proof. Suppose {xij}^j^^ is a sequence of independent random variables in 
equivalent to the standard basis of , where for each j G N, {xij}^^^ is 

equivalent to the standard basis of Now ■ Hence {xijj^j^^ is 

uniformly g-integrable [J-O, third lemma]. 

Let e > 0, and choose iV G N such that J^^^ ■\>n} l^ijl'^ '^1^ ^ ^'^ ^'-^ ^ ^■ 

Let S = ^ ior some D G N, and let {Ik}k=i be a partition of the interval [—N,N] into 
K = D{2N + 1) intervals of equal length = ^ = j^^^N^^i) < ^■ 

Let p = 5'^'^. For each j G N, choose a subsequence {xij}^^^^. of {xij}^^^ such 
that for each i, i' G Mj and A; G {1, . . . , K}, 

{{xi,j e 4}) - M {{xi',j € 4})| < |. 

Then jgp^ is still equivalent to the standard basis of ^X^® . Without 

loss of generality, suppose 1 G Mj for each j G N. 

Choose a subsequence {a^ijl^g^ of {xi^j^.^pj such that for each j, j' G L and 

ke{l,...,K}, 

\l^{{xi,j G h})- ti{{xi,j' G 4})! < |. 
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Then {xij}^^]^. j^j^ is still equivalent to the standard basis of ^ ■ Without 

loss of generality, suppose 1 G L. Note that for each & L, i E Mj, i' G Mji, and 

ke{l,...,K}, 

\H {{xij € Ik}) - M {{xi'j' G Ik})\ < p- 

For each A; G {1, . . . , K}, let Cfc be the center of Ik- Let {^ijjjgjvf jeL ^ 
sequence of {ci, . . . , cj<:}-valued independent random variables in such that for each 
j e L, i e Mj, and k € {1, . . . , K}, 

1^ iUiJ = Cfc}) = M ({a^i,! e 4}) , 

and such that {zij = Cfe} is chosen either as a subset of {xij G 7^} or as a superset of 
{xij G 4}- Then {zijj^^j^^ ,^^^ is identically distributed, whence {zijj^^j^^ ,^^-^ is a 
symmetric basis, and for each j e L, i e Mj, and A; G {1, . . . , K}, 

\fi{{xij G Ik}) -l^{{zi,j = Ck})\ < p. 

Hence for each j £ L, i € Mj, and G {1, . . . , K}, 

p {{xij G 4} \ {zi,j = Ck}) < p. 

Now for each j E L and i G Mj , 

\\Zi,j — XijW^ < (^J{\xi j\>N} ~ ^i^r) 



1. 



k 

K 



<2e + - + Kp-^{2N + l), 



where Kp^ {2N + 1) = D{2N + 1)5'^ {2N + 1) = 5{2N + 1)2. 
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Fix J G N and assume {1, . . . , J} is a subset of L and each Mj. Then 

,7 ,7 J J 

i=l j = l 1=1 j = l 

J J 

i=lj = l 
J J 

^ J2 J2 \C'i,j\''^^,je{l,...,J}\\^i,j ~ ^i,jI\q 

i=lj = l 



J / J 

< I E E M 
i=i \j=i 



For any J € N and 7 > 0, we can choose e > and 6 > such that 

I ^2e + I + (5(2A/" + 1)^) < 7. Hence we can find a symmetric sequence 

equivalent to the standard basis of ' contrary to fact. □ 

A basis {ci} for a Banach space E is said to be reproducible if for each Banach 
space X with basis {xi} such that E ^ X, there is a block basic sequence {zi} with 
respect to {xj} equivalent to {ej}. For r, s G [1, 00), the standard basis of (Y1^ 
is reproducible [L-P 2, Section 4]. 

The following proposition has been extracted from the proof of [S, Theorem]. 
The subsequent corollary is essentially [S, Remark 1]. 

2n 

Proposition 3.8. Let 1< q < 2 and let n G N. Tiicn (g) ^ X®" for 

1=1 

< ri < r2 < ■ ■ ■ < r2„ < 2. 

Proof. Suppose n = 1. Let q < r < s < 2 and suppose t ® ^ Xq. Then 
by Lemma 3.6, (^E*^*) ^ -^q- ^o-w Xg ~ [xij]j^q for some sequence {xij} of in- 
dependent random variables in L'^. By the reproducibility of the standard basis {e^j } 
of (^E*^*)^ ) there is a block basic sequence {zij} with respect to {xij} equivalent 
to {cij}. However, {zij} is a sequence of independent random variables in L'^ equiv- 
alent to {cij}, contrary to Lemma 3.7. Hence the result holds for n = L 
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Suppose the result is true for n = A; — 1, but there are 

2k 

q < ri < r2 < ■ ■ ■ < r2k < 2 such that ^ via a mapping r. 

i=l 

2k 

Let {ejj (8) (8) ■ ■ ■ (8> ^j2k}j-^ j2ken ^'^^ standard basis of 

i=l 

and let yj„j„...j^^ = r (e^-, ® e^, ® • • • ® e^.J for ji, j2, ...,j2k€ N. 

Let {xj } be a basis for X,. For each m G N, let P^. be the obvious projection of 
^®fc Qj^^Q j^.^.^ (g) (g) . . . (g) -j;^.^ ; maxjji, j2, • • • life} < "T-]) and let Qm be the obvious 
projection of X^'' onto [xj^ Xj^ ® ■ ■ ■ Xj^ : min{_7i,j2, ■ ■ ■ ,jk} > rn]. 

Recalling that Xq Xq (B Xq, for each s G N 

xf' ~ {Xq e Xq) ® - ^ e ^ 

Hence for each s, t G N, 

X^®x®^ -x®^ 

i=l 

Note that for each m G N, (/ - Q„)(X®'^) ~ ^e^f ^''"^^ for some t G N, whence 

i=l 

{I-Q^){Xfk)^Xf^*'-^\ 

Let {cjj (8> ^32} j^en ^'^^ standard basis of i^'^ with order determined by 
a bijection N —> N x N. 

For each j G N, let y^- = [y<^(i),j3 J4,... J2fc ^ Js, j4, • • • , j2fc € N] , which is 

2(fc-l) 

isomorphic to Then by the inductive hypothesis, for each j, m G N 

i=l 

whence (/ — Qm)\Yj is not an isomorphism. 

Let {e^} be a sequence of positive scalars. Let mo = and Qmo = ^- Choose 
zi G Yi with ||zi|| = 1 and mi G N such that ||(7 — Qmo){zi)\\ < % and 
||(/ — -Pmi)(-2i)|| < Choose Z2 G I2 with ||2:2|| = 1 and a positive integer m2 > mi 
such that \\{I — Qmi){z2)\\ < ^ IK-'^ ~ -fm2)(^2)|| < ^- Continuing as above, we 
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may inductively define a sequence {zj} and an increasing sequence {rrij} of positive 
integers such that for each j € N, Zj G Yj with \\zj\\ = 1, ||(/ — Qmj-i){zj)\\ < ^, and 
||(7-P„,)(^,)|| < f. Hence for each j G N, ||(/ - Qm,_i o P„.)(z,)|| < e,HP„,||. 
Thus for an appropriate choice of {e^}, {zj} is equivalent to {(Qm^.i ° Pmj){zj)}- 
However, {zj} is equivalent to the standard basis {cj^ e^^l^-^ j^^jq of l'^'^ (8> and 
{(Qmj_i ° -Pmj )(-2j)} is a sequence of independent random variables. Hence there is a 
sequence of independent random variables equivalent to the standard basis of 
(g) , contrary to Lemma 3.7. □ 

Corollary 3.9. Letl<q<2. Then for each n G N, ^ X®". 

Proof. Let n G N and let g < ri < r2 < • ■ ■ < < 2. Then for each 1 < i < 2n, 

2n 2n 

Xg by Lemma 2.35. Hence (g) ^''^ X®^". However, (g) f'^' X®" by 

1=1 i=l 

Proposition 3.8. It follows that X®^" ^ X®". 

Now suppose that X®". Then there is a chain 



g q q 



In particular, X®^" ^ X®", contrary to fact. It follows that Xf". □ 

Note that X ^ X y [where 1 < p < oo, X and Y are isomorphic to closed 
subspaces of L^, and dimy > 0], since X ~ X (g) [j/o] X iSiY fov yo e Y \ {0}. Hence 
for n G N and 1< p < oo with p / 2, X®^ A X®^"+^\ 

For 1 < g < 2, we have 

Xg ^ Xf 2 ^ Xf 3 ^ ^ L«. (3.1) 

Note that (X^Y)* ~ X*®y* [where 1 < p < oo, and X and Y are isomorphic to 
closed subspaces of L^]. Let 2 < p < oo with conjugate index g. Then for each k eN, 
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{X^'')* ~ {X;)^'' ~ Xf''. Let n G N. Then the fact that ^ X®" follows 

from ~ ^ ^ (^p^")*- 

For 1 < p < oo with p 7^ 2, we have 



(3.2) 



Finally we have the main result [S, Theorem]. 



Theorem 3.10. Let 1 < p < 00 where p ^ 2. Then {^^"}^ is a sequence of 
mutually nonisomorphic Cp spaces. 

Proof. Each X®" is an Cp space by Proposition 3.5. For m ^ n, the fact that 
^ X®" follows from Corollary 3.9 and the discussion leading to diagrams (3.1) 
and (3.2). In particular, if X®™ ~ X®" for m < n, then X®^'"^^^ A X®" ^ X®™, 
contrary to fact. □ 

The Sequence Space Realization of X®" 

For n G N, X®" has a realization as a sequence space, as follows from Proposition 
3.13 below. This proposition is essentially contained in [S, Section 4], although the 
presentation via Lemmas 3.11 and 3.12 owes more to Dale Alspach. 

Lemma 3.11. Let 2 < p < 00 and A; G N. Let {xj} he a sequence of normalized 
independent mean zero random variables in L^. Let {yj} be an unconditional basic 
sequence in ^{1^) with closed linear span Y = [yj]j^P(^jky -Let {rj} be the sequence of 
Rademacher functions. Then for scalars a. 



max < 



P \ 



j 



du 
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Proof. For each i G N, let = Y^j ai,jyj{t). Then for each t G [0,1], 

is a sequence of independent mean zero random variables in . Thus 
by Theorem 2.2 [Rosenthal's inequality], for each t G [0, 1] 



ds 



max 



i 



Hence 



ds dt 



max < 



ZjJ \Xi{s)fi{t)\'' dsdt) " ,(J \Xi{s)m\'' ds) ' dt 



Now 



J J \xiis)fi{t)\'^ dsdt = WxifpWfiWlp^jk^ 



p 



3 



and 



/ (e / \xi{s)m\^ dsy dt = I (e ii^di2 i/^wi') ' 



E \\xi\\2 fi{t)ri{u) 



dudt 



Y\\xi\\2Yaijyj{t)ri{u) 



dt du 



\xi\\2niu) Vj 



du. 



Y 
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Hence 



* 3 



J2J2ai,jXi{s)yj{t) 



ds dt 



ds dt 



II 



max 



max < 



i j 
i 

Y.jj \xi{s)fm'' dsdt 



ds dt 



E J \xi{s)fi{t)f ds^ ' dt\ ' 



E 



du 



Y 



□ 



Let {vj} be the sequence of Rademacher functions. Kahane's inequality 
[W, Theorem III.A.18] states that for each 1 < p < co, there is a constant Cp such 
that for each Banach space X and for each finite sequence {xj} in X, 



du 



X 



- c 



u)x-. 



du. 



X 



Lemma 3.12. Let 1 <p < oo and let {rj} be the sequence of Rademacher 
functions. Then for scalars Uij 



E 



T.aijrj{u 



2\ 2 



EE l«i 
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Proof. Let {ej} be the standard basis of Then by Kahane's inequaUty, 



j 



2\ 2 



du 



du 



P 

V 



?(/ 



1 



y E I^E fli.j'^j 



du 

du 
P ) 

2 \ 5 

du 

e ) 

2 \ 2 

du 



E 



E 



E«i,j''j(^i) 



j 



2 \ 2 

du 

2 \ 2 

du 



□ 



EEI«i,il 



Proposition 3.13. Let 2 < p < oo and n G N. Let {xj} be a sequence of 
normalized independent mean zero random variables in L^. For each z G N, let 
Wi = \\xi\\2- Then for scalars ai^^,,,^i^ 



E Oil, ...,i„ (2^*1 ® ••■ <^2;i 



max < 



LP(/") 



E E i«ii,...,ini n wf 



where the max is taken over all subsets Sn of {1, ... , n}, and = {1, . . . ,n} \ S„ 



Proof. For n = 1 [with ii = i], the statement is 



max < 



= maxj I^X) '^ij ^{YlKf 
which is immediate from Corollary 2.3 [Rosenthal's inequality]. 

Assume the statement is true for n = N. We wish to prove the statement for 
n = N + 1. 

Let {vi} be the sequence of Rademacher functions. By Lemma 3.11, 



m8LK{Ei,E2} 



where 

and 
E2 
I. ft 

and 



^1= I E 



du 



11,...,«JV + 1 "-llvi^iV+l ||"*'»iV+l II2 



1 ll-^iiv+i II2 n '^ie' 



test 



By the inductive hypothesis, and then a rearrangement, we have 



^1 ~ E max^ Yl E \aiu-,iN+i\ U K 



ees- 



max < 

Sn 



E 



E \ah,...,iN+i\ n w 



= max < 

N+leSN+i 



E E |oii,...,ijv+i| n K 



By the inductive hypothesis, a rearrangement, and Lemma 3.12, we have 



85 



Hence 



□ 



Z) Ai,...,iNiu){xi^(^---<^Xij^) 

i\,...,iN 



du 



max < 

Sn 



max < 

Sn 



max < 



= max < 

Sn 



maxi Yl E \^ii,-,iN{u)f n w\ 

•J Uk-keSN \ie:ees% eeSf, 

E / f E n 

ik-keSNJ Xif-ieS'f, leS' 



du 



du 



E / E 

ik-keSNJ \it-e-esi 



V R^'^^^ r- (i 



2\ 2 



du 



E E 

ik-keSN \ieaesi,u{N+i} 



E E 

ik-keSN V»«:^eS^u{Ar+i} 



B. 



(Sn)^ 
ii,...,ijv+i 



ll,...,liV + l I 



■ n ^? 

€eS^u{Ar+i} 



max 



E I E \ai„...,i^+,\ n w'i, 



E '^iiv,»JV+i (-^ii 
ivi«Ar+i 

max{£;i,£'2} 



max < 

Sn+- 



E I E i'^»i,---,»jv+i I n 



For 2 < p < DO and n G N, Proposition 3.13 yields a representation of X, 



as a sequence space, taking {xj} to be a sequence of normahzed independent mean 
zero random variables in with w = {wi} = {||a;i||2} satisfying condition (*) of 
Proposition 2.1. 
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In particular, for n = 2 and S2 C for scalars 



where 



max {M ^52=0] , ■S2={i}] > ^S2={j}] > S2={iJ}] } ' 



[S2=9] 



A^[S2={i}] 



E ( E Wijfwf 



E (ioijH 



p \ p 
2 \ 



E |a 



CHAPTER IV 



THE INDEPENDENT SUM CONSTRUCTION OF ALSPACH 

Let 2 < p < oo and let = Yl'^i[0,l]. Alspach [A] developed a general 
method for constructing complemented subspaces of L^(0), given spaces Xi of mean 
zero functions which are complemented in [0, 1] in a special way. The construction 
produces spaces Zj of mean zero functions which are similarly complemented in L^(f2), 
such that Zi is isometric to Xj, each function in Zi depends only on component i of 
Q, there is a common supporting set Si for all functions in Z^, and the measure of 
Si approaches zero slowly as i increases. The independent sum of then 

The rate at which the measure of Si approaches zero is controlled by a sequence 
w, which plays a role similar to the role of w in Rosenthal's space Xp,^. Indeed, 
Alspach's construction generalizes the construction of Rosenthal's space Xp^yj. 

All of the Cp spaces of Chapter II can be constructed as independent sums in the 
above sense. The principal new separable infinite-dimensional Cp space constructed by 
Alspach as an independent sum is Dp, which is the independent sum of copies of i"^, 
with £^ realized as the span of the Rademachers in L^. Also new is Bp © Dp. The 
method of taking independent sums has the potential to generate a sequence of Cp 
spaces by iteration. However, no general method has been developed for distinguish- 
ing the isomorphism types of the resulting spaces. 
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The Independent Sum (j2® Xi) 

V / I ■ 



Fix2 < p < oo. Let = Ilz^JO^l]- Fori = {ti,t2,...) e n andi e N, 
let TTj : O — >■ [0, 1] be the projection 7ri{t) = ti. Let L^[^., 1] be the space of mean 
zero functions in LF[Q, 1]. For < A; < 1, identify LF[Q, k] with the space of functions 
in -L^[0, 1] supported on [0, k]. Let {Xi} be a sequence of closed subspaces of -Lq[0, 1]. 

_2p_ 

Let w = {wi} and {ki} be sequences of scalars from (0, 1] such that ki = wf''^ . Let 
Ti : LP[0, 1] ^ LP[0, ki] C ^^[0, 1] be defined by 



[ if fci < s < 1 

Let Yi = Ti{Xi) and let % = {y^ = o tt^ : e Yi} C L^'(O). 

Definition. Let p, J7, tTj, {-'^^j}, i^ = {wi}, {ki}, Ti, Yi, and Yi he as above. 

Suppose 

(a) for each i G N, the orthogonal projection of L^[0, 1] onto Xi C L^[0, 1], when 
restricted to L^[0, 1], yields a bounded projection Pi : L^[0, 1] —>■ Xi C L^[0, 1] onto Xi, 
and 

(b) the sequence {Pi}°^i satisfies sup^^pj ||Pi|| < oo. 

Define (X]* -^i) > independent sum of {Xi} with respect to w, by 

V / I,w 



Yi-.ien 



Remark. The mapping Ti is an isometry, and the spaces Xi, Yi, and Yi are iso- 
metric, li yi & Yi for each i G N, then {yi}°^i is a sequence of independent mean zero 
random variables. The sequence w plays a role similar to the role of w in Rosenthal's 
space Xp^uj- In particular, w[~^ is related to the measure of the support of yi € Yi. 

Example 4.1. Let 2 < p < oo, let ri be the first Rademacher function 
l[o,i) ~ I[|,i]' ~ ['^^Il^io 1]' ^ ~ {^*} ^ sequence from (0, 1]. Then 



89 

IY^®x] is isomorphic to i'^, P , or Xp, where each can be realized by an 
appropriate choice of w as in Proposition 2.1. 

Proof. Let {ki} and {Ti} correspond with w = {wi} as above. Let yi = Ti(ri) 
and Vi = ViO i^i. Then [Y,® X] = [y^ : i ^ ^^Jl^TQ)- {^ili^i is a sequence of 

\ / I,w ^ ' 

independent symmetric three- valued random variables in L^(J7), with supported on 

2p p-2 i _ i 

a set of measure ki = w['^ . Moreover, Wi = k^^^ = ^ = l|yillL2(n) / ll^i llLP(n)- 
Hence (jf x\ ~ Xp,^ (essentially) by Corollary 2.3, so (jf x\ is 

V / I,w ' \ J I,w 

isomorphic to P i^, or Xp, depending on w as in Proposition 2.1 and the 

definition of Xp. □ 

The Complementation of (j2® Xi) in L'^{n) 

\ ) I,w 

Fix 2 < p < GO and < A; < 1. For 1 < r < oo, identify -^[0, k] with the space of 
functions in L'"[0, 1] supported on [0, A;], and for a measure space E, let Lq{E) be the 
space of mean zero functions in (E) . 

Let T : L^[0, 1] ^ L^[0, k] C L^[0, 1] be defined by 



{O ii k < s <1 



For 1 < r < oo, let = T'|£,t-[o,i]. 

Lemma 4.2. Let p, k, and T be as above. For 1 < r < oo, let f,g E L'^[0, 1]. 

Then 

(a) \\T{f)\l = k'^ \\f\l, 

(b) Tr : L'^[0, 1] ^ L'^[0, k] C L'-[0, 1], 

(c) Tr maps L'"[0, 1] onto L'"[0, k], 

(d) Tp is an isometry, 

(e) Tp = T2\lp[o,i], 
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({) f has mean zero if and only if T{f) has mean zero, and 

(g) f and g are orthogonal if and only ifT{f) and T{g) are orthogonal. 



Proof. Part (a) follows from the computation 



= /o in/)(^)r ds = k-.f (f ) ds = k'-. imi^- dt = k'^ 

Part (b) follows from (a) and the definition of T. Considering Tr as a mapping from 
L'^[0,1] to L'-[0,k], Tr has inverse T'^ : L'-[0,k] L'^[0,1] with T-\h){t) = k^h{kt), 
and (c) follows. Taking r = p, (d) follows from (a). Part (e) is clear. As in the 
computation for (a), but taking r = 1 and deleting the absolute values, 
J^Tif){s)ds = k'-7 f{t)dt, and (f) follows. Finally, J^T{f){s) ■ T{g){s)ds = 
lo / (f ) • 5 (f ) ds = k^-i Ji fit) ■ g{t) dt, and (g) follows. □ 
Let R : L^[0, 1] L^[0,k] be defined by R{f) = l[o,fe] • /. For 1 < r < oo, let 

Let X be a closed subspace of Lq[0, 1] such that the orthogonal projection P2 of 
L^[0, 1] onto X C L'^[0, 1], when restricted to L^[0, 1], yields a bounded projection 
Pp : L^lO, 1]^X C LP[0, 1] onto X. Let Y = T{X). 

Lemma 4.3. Let p, k, T, R, X, P2, Pp, and Y be as above. Let 1 < r < 00. 

Then 

(a) Rr : ^'•[0, 1] L'^[0, k] is a projection of L''[0, 1] onto L'^[0, k] with \\Rr\\ = 1, 

(b) R2 is the orthogonal projection of L^[Q, 1] onto L^[Q, k], 

(c) Rp = -R2|tf[0,l]; 

(d) Y is a subspace of Lq[0, k] isometric to X, 

(e) the closure of X in -L^[0, 1] is contained in Lq[0, 1], 

(f) the closure ofY in L^[0, k] is contained in Lq[0, k], 

(g) T2 (X) = Y, where X and Y are the closures of X and Y in L'^[0, 1], 
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(h) T2P2T^^ is the orthogonal projection of L^[0, k] onto Y C L^[0, k], 

(i) TpPpT-^ = {T2P2T-') kp[o,fci, and 
(j) TpPpT-^ mapsL^[0,A;] ontoY. 

Proof. Part (a) is clear. For f,ge L^p, 1], (/ - i?2(/)) -L i?2(ff), so 
(/ - R2{f)) e {R2 (L^[0, 1]))^, and (b) follows. Part (c) is clear. Part (d) follows 
from the fact that Tp : L^[0, 1] LF[^, k] is an isometry which preserves mean zero 
functions. First noting that X C Lo[0, 1] and Y C Lo[0, A;], parts (e) and (f) are 
clear. Part (g) is clear. For f,g G L2[0,fc], {T^\f)-P2 {T^\f))) ± P2 (T^-^Cff)), 
so (/ - (TaPaTa"^) (/)) ± (TaPaTa"^) (5), and (h) follows after noting (g). Parts (i) 
and (j) are clear. □ 

For r G {2,p}, let Qr = TrPrT'^Rr- 

Lemma 4.4. Let p, r, k, T, R, X, Pr, Y, and Qr be as above. Then 

(a) Qp : LP[0, l]^Y C LP[0, 1] maps L*'[0, 1] onto Y, 

(b) WQpW = \\Pp\\, 

(c) Q2 is the orthogonal projection of L^[0, 1] onto Y C -^^^[0, 1], 

(d) Qp = Q2 1 LP [0,1]' 

(e) Q(l) = 0. 

Proof. Note that Tp-^Rp : L^[0, 1] L^[0, 1] is surjective, with right inverse Tp. 
Thus (a) follows, and QpTp = (TpPpT-^Rp) Tp = TpPp (Tp^RpTp) = TpPp. Since 
Tp is an isometry, (b) follows. Part (c) follows from the fact that R2 and TaPaTg"^ are 
orthogonal projections mapping -L^[0, 1] onto -L^[0, k] and -L^[0, k] onto Y C L'^[0, k], 
respectively. Part (d) follows from the fact that Rp = -R2|lp[o,i] and TpPpT'^ = 

L'P[o,k]- Noting that 1 ^ l[o,fc] <^ k-p ■ lyo^i] 1-^ i-4 0, (e) follows. □ 
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The relevant subspaces of L^[0, 1] are related as in the diagram 

LP[0,1] ^ X cLg[0,l] CL^'[0,1] 

iipitT- \ It, (4.1) 

[0, k] '^'■^4'" ' y C [0, A;] C [0, 1] . 
We now perform a similar construction for each z G N. 

Let {fcj} be a sequence of scalars from (0, 1]. Then for r G {l,2,p}, {fcj} deter- 
mines sequences {Tj^^} and {Ri^r} of mappings, where Tj^^ and Ri^r are simply T^, and 
Rr, respectively, with fcj replacing k. Let {-^i} be a sequence of closed subspaces of 
Lo[0) 1] such that the orthogonal projection Pj^2 of -L^[0, 1] onto Xj C i^^[0, 1], when 
restricted to -C/^[0, 1], yields a bounded projection Pj^p : L^[0, 1] — > C L^^[0, 1] onto 
Xi. Let Yi = Ti^piXi), and for r G {2,p}, let Q^,^ = Ti^rPi,rTr^ Ri,r- Then X^, y^, 
Pj^rj and Qj^r are simply X, y, P^, and Q^i respectively, with ki replacing k. Thus as 
in diagram (4.1), we have the diagram 

L^%1] X, cLg[0,l]cLP[0,l] 



Yi cLg[0,A;i] CLP[0,1], 
and Lemmas 4.2, 4.3, and 4.4 hold, with the obvious notational changes. 

Let 1 < r < oo and let i G N. Let Hi^r ■ L^'iO, 1] L''[U] be the isometry 

^i,rif) = f ° T^i- Then for f,gG L^[0, 1], / has mean zero if and only if Hi^rif) has 

mean zero, and / and g are orthogonal if and only if Ili^r{f) and Ili^rig) are 

orthogonal. 

Given a closed subspace Zi^r of -^'"[0, 1], let Zi^r = ^i,r {Zi,r) C L^{il). Let 
Zno, 1] = n,,, (L-[0, 1]) and %[0, 1] = n^,, (L5[0, 1]). 

Given closed subspaces Zi^^ and Z'^ ^ of L'^[0, 1] and a mapping 

: .^i,r .^i,r, let Lj,^ : Zi^r ^ .^i,r ^6 the mapping Li^r = ^i,rLi,r^^^r ■ Then 



(4.2) 
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diagram (4.2) induces the diagram 

ZnO,!] X,,, C Lg, JO, 1] C L^O, 1] 

. (4.3) 

LP[0,ki] Yi,p cLl[0,ki]cLP[0,l], 

and results analogous to Lemmas 4.2, 4.3, and 4.4 hold. 

Let Ei : L^{n) L|[0, 1] C L^{n) be the projection onto Ll[0, 1] = Hj^i (L^fO, 1]) 
of norm one defined by Ei{f) = SbJ , where is conditional expectation with 
respect to the cr-algebra Bi = ^YlJL^Bj : Bi C [0, 1] is measurable, Bj = [0, 1] for j^i^. 
For 1 < r < oo, let Ei^r = -E'i|L'-(f7)- [See Chapter V, The Complementation of 
in L^, Preliminaries, for properties of conditional expectation.] 

Lemma 4.5. Let p, Hi^r, -'^[[O' '^]' ^^'^ -^i ^ above for 1 < r < oo with 
conjugate index s, and let f G Then 

(a) Ei^r ■■ L^'i^) L^'i^) with \\EiJ\ = I, 

(b) Ei^^ maps U{p) onto L^O, 1] = H^,^ (L'"[0, 1]), 

(c) f has mean zero if and only if Ei^rif) has mean zero, 

(d) if is a sequence in L^{^), then {-E'i,r(/i)}^i is independent, 

(e) El^ = E,,,, 

(f) Ei^2 is the orthogonal projection of L^{n) onto -£f [0, 1], and 

(g) L^i,p = Ei,2\LP{Q.)- 

Proof. By the convexity of | \\ |E,(/)r < J^E^ (l/D = 1/1", and (a) 
follows. The fact that Ei^r maps L'^{Tl) into -^[[0, 1] = r (L'"[0, 1]) follows from the 
choice of the d-algebra Bi. For / e LV[0,1] = n^,^ (i^''[0,l]), Ei^rif) = f, and (b) 
follows. Since J^Ei{f) = J^f, (c) follows. Part (d) follows from the choice of the a- 
algebra B^. Noting that !^f-El^{g) = E^M ■ 9 = In Ei{f)-9 = In Ei {Ei{f) ■ g) = 
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In Ei{f) ■ Ei{g) = ^ {E^ig) ■ f) = E,{g) ■ f = EUq) ■ f iov g e L^{n), 
(e) follows. Part (g) is clear. 

Now Ei^2 ■■ L^{^) Lj[0, 1] C L^{n) maps L'^{n) onto ^[0, 1] = H^^a (^^[0, 1]) 
by parts (a) and (b). Let / € ^^(O). Then (/ - Ei{f )) = for all B e Bi, and 
(/ - Eiif)) • 5 = for all 5 G Lf [0, 1]. Hence / - Ei{f) G (Zf [0, 1])^, and (f) 
follows. □ 

For r G {2,p}, let Si^r = Qi^rEi^r, where Qi.r and Ei^r are as above. 

Lemma 4.6. Let p, r, Pi, Yi^p, and Si^r be as above. Let f G L''(r2) and 
g G L''{Q), where q is the conjugate index of p. Then 

(a) Si^p : LP{0.) Yi^p C maps onto Yi,p, 

(b) Si^2 is the orthogonal projection of onto Yi^p C L'^{Cl), 

(c) Si^p = Si^2\LP[n), 

(d) \\Si,p\\ < \\Pi\\, 

(e) Si,p{l) = 0, 

(f) js,M) = o, 

(g) lSlp{g)=0, 

(h) {Si^r{f)}°^i is independent, and 

(i) if {gi}°li is a sequence in L''{Q), then {S*p{gi)}'^^ is independent. 

Proof. Part (a) is clear. Since Si^2 = <5i,2-£'i,2 is the composition of orthogonal 
projections, where A L?[0, 1] surjectively and L?[0, 1] A p surjectively, (b) 

follows. Part (c) is clear. Noting that \\Si^p\\ < \\Qi,p\\ \\Ei^p\\ = \\Qi,p\\ = \\Qi\\ = \\Pi\\-, 
(d) follows. Since Ei^p{l) = 1 and Qi,p(l) = 0, (e) follows. Since Yi^p C Lq[0, /cj] and 
Y~p C Ll[0, ki], (f) follows. Noting that / 5*^(5) =Jg- 5^,^(1) = J g ■ = 0, 
(g) follows. For reference, Si^r = Qi,rEi,r and S*^ = Part (h) follows from an 
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analogous property of Ei^j. which Qj,r preserves. Recalhng that Ei^q has an analogous 
property and E*^ = (i) follows. □ 

For r G {2,p}, let Sr = J2iLi '^i,r- We show below that the formal series defines a 
bounded linear operator on L^{Q,). 

Lemma 4.7. Let p, Yi,p, and S2 be as above. Then S2 is the orthogonal 

projection of L'^{Q) onto Yi^p C ^^(O) : i G N 

Proof. For / G L^n), S2{f) = E.=i 5.,2(/), where 
Si,2if) G Yi^p C Lo[0, fej] C S'j,2(/) is the orthogonal projection of / onto 

the span of Si^2{f) in L'^i^), and {<S'i,2(/)}^i is an orthogonal sequence of random 



variables. Hence 52 : L'^{Tl) Yi^p C L^(ri) : i G N 



L2(n) 



is the orthogonal projection 



of L^{n) onto Yi^p C : z G N 



L2(Q) 



□ 



Theorem 4.8. Let 2 < p < 00 and let w = {wi} be a sequence of scalars from 
(0, 1]. Let {Xi} be a sequence of closed subspaces of Lq[0, 1] satisfying the hypotheses 
(a) and (b) in the definition of (X^® xA . Then (X^® xA is a complemented 

\ ' I,w \ / I,w 

subspace of L^{Q) via the projection Sp. 

Proof. Let / G L^{n). Then {S'j,p(/)}^j is a sequence of independent mean 
zero random variables in Hence (essentially) by Theorem 2.2 [Rosenthal's 

inequality] , 



E S^,pif) 



i=l 



E \\s^,p{ml'^ 



\i=l / \i=l 

By the orthogonality of {S'j_p(/)}^-^ and the fact that Sp = S'2|ii'(n) where S2 is 
orthogonal projection, 



00 

E \\s^,pim 

i=l 



2 



00 

E S^,p{f) 



= \\Sp{f)\\L2^a) < ||/|lL2(n) ^ \\J llLP(Q) • 
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Let G = ^{gi}°^i : Qi € L'^iVt), \ YlT=i WdiWii^Q,)) " - j ' "^^^^^ 1 conjugate 
index of p. Then for gi G L'^{^), {'S'*p {gi)}^_^ is a sequence of independent mean zero 
random variables in L*(f2). Hence by Holder's inequality and (essentially) Lemma 2.4, 



E \\SiM)\\ 
i=i 



LP(n) 



= sup 

= sup 

{9i}eG 

< sup 
{9i}eG 



i=l 



oo 

/, E Sl,ig^) 

i=l 



oo 

E ^i.pidi 



L«(n) 



<2 sup 

{9i}eG \i=i 



LP(n) 



iL''(n) 



<2sup 5* sup E 



< 2sup||Pi 



LP(n) • 



It now follows that ||S'p(/)||^p(f^^ < iCp max {2 sup^gp^ ||Pj|| , 1} Hence 



Yi^p : i G N 



L''(f7) 



maps L^(r2) onto 



Yi^p : i G N 



with 



<ifpmax{2supieNll-Pilhl}, and fe® ^0 

V / I ,v 

is complemented in L^(f2). □ 



Yi,p : z G N 



Independent Sums with Basis 



Now suppose in addition to the hypotheses (a) and (b) in the definition of 
/^e ^ sequence {Xi} of closed subspaces of Lq[0, 1] satisfies 

V / I,w 

(c) for each z G N, has an unconditional orthogonal basis {xi^n}'^=i- 
Then of course = [a;, „ : n 

Letting Yi = Ti (X^) as before, and letting = Tj (xi^n), we have 
Yi = [yi^n : n G N]^pjq ^^j, and {j/j,n}^i is an unconditional orthogonal basis for Yi 
isometrically equivalent to {xi^n}^=i- 
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Letting Yi = {yi = yi o m : yi eYi} as before, and letting = o m, 
we have Yi = [yi^n ■ n £ ^]lp(^ci)' {yi,n}^=i is an unconditional orthogonal basis for 
Yi isometrically equivalent to {yi,n}^=i and {xi^n}^=i- 

In this context, (y1^ Xjj^ = [jji^ri ■■i,ne ^LP^Q), and {yi,n}i^n& 

unconditional orthogonal basis for ( ^® ) 

V / I,w 

Remark. Noting that yi^n = Ti and k^^^ = Wi, by part (a) of Lemma 4.2 

we have ||yi,n|li2^Q-) = ||yi,n|l2 ~ '^i \\Xi,n\\2- 

Proposition 4.9. Let 2 < p < oo and let w = {wi} be a sequence of scalars from 
(0, 1]. Let {Xi} be a sequence of closed subspaces of Lq[0, 1] such that each Xi has an 
unconditional orthogonal basis {xi^n}^^i- Let yi^n = (^i {xi^n)) ° "^i & where Ti 

and TTj are as in the definition of [Y,® xA . Then for Kp as in Theorem 2.2 and for 

V / I,w 

scalars dx^ju 

i,r. 









(? 




:)'( 




n 





|2 II ||2 



Proof. Let zi = Ylm'^i^nyi^n- Then {zi) is a sequence of independent mean zero 
random variables in L^{Q). Hence (essentially) by Corollary 2.3 [Rosenthal's 
inequality] , 



LP(n) 



~ max <j ^ IkillLP(n) ] ) ( ll^i|lL2(Q) 



Note that H-^i ll^pj-f^) 



Yl,n'^i,nXi,n\\^p- Morcover, by the 
orthogonality of {yi,n\^=i and by the remark above, 

II ||2 — IIY^ ~ l|2 _ I |2||~ ||2 _ 2 I |2 II ||2 

IP*llL2(fi) — II Z^n ^i.n^i, nil L2(r2) ~2^nl^*,nl \\yi,n\\ L'^ {Q.) ~ '^i 2^n I'^^'^l Il^i,n|l2- 

The result now follows from the displayed inequality. □ 



Corollary 4.10. Let 2 < p < oo and let w = {wi] be a sequence of scalars from 
(0, 1]. Let {Xi} be a sequence of closed subspaces of Lq[0, 1] satisfying the hypotheses 
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(a) and (b) in the definition of xA such that each Xi has an unconditional 

V / I,w 

orthogonal basis {xi^n}T=i- Suppose ^w[^^ < oo. Then [Yl^-^i] ~ [Yl^ -^i] ■ 
' \ / I,w \ ' SF 

p-2 
2p \ 2p 

. By Holder's 



Proof. Let yi^n be as in Proposition 4.9. Let K = y^wf^^ 
inequality with conjugate indices p' = f and q' = and the orthogonality of 

scalars aj^„ we have 



2 / I |2 II ||2 



2p \ 2p 



E ( E II2 

. i \ n 



1 

7P\ P 













n 






n 



p 

p\ V 

v) 



Hence by Proposition 4.9 and the above bound, for K = niax{l, K} we have 



i,nyi,T 



~ max { ( 



p\ p 



1 I I'^jjnl ll-^ijn 



1 



E 



p\ p 



It follows that (^® Xi) ~ (^® Xi) . □ 
V / l,w V / ^p 

Example 4.11. Let 2 < p < 00 and let w = {wi} be a sequence of scalars from 
(0,1] such that Z^fi < 00. Then (E®^')^,, (E'^^p)^,, Bp, X^ © (E®^')^,, 
can be realized as ( ^® Xj ) for appropriately chosen X,. 

Proof. Let be the sequence of Rademacher functions and let 

X = [x^],p ~ f. Then (E® ^)^^^ ~ (E® ^^)^p- 

Let {xn} be a sequence of independent mean zero random variables in such 
that V = {vn} = |||a^n|l2/ Iknllpj Satisfies condition (*) of Proposition 2.1, and let 
X = [x„]^p ~ Xp. Then (e® x)^^^ ~ (e® X^)^^. 
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For each i E N, let {xi^n}n=i be a sequence of independent mean zero random 
variables in such that v^^' = {^^^,n}^l = \ ||a;i,n|l2 / ||^i,n|L r satisfies vl~^ = i 
for each n G N. Let Xj = [xi^n : n G N]^p ^ Then 

Let {a;i,„}^]^ be a sequence of independent mean zero random variables in 
such that v^^> = {vi^n}'^^i = \ ||a;i,n||2/ lki,n|L \ satisfies condition (*) of 

' I- ' ' n=l 

Proposition 2.1, and let Xi = [x-^^n '■ n G N]^p ~ Xp. For each i G N\ {1}, let {xi^n}'^=i 
be the sequence of Rademacher functions and let X^ = [xi^n : n G Nj^^p ~ l"^. Then 

Let {a;i,„}^j^ be a sequence of independent mean zero random variables in 
such that v^^' = {vx^n}'^=i = \ Il^i,n|l2/ ||^i,n|L f Satisfies condition (*) of 
Proposition 2.1, and let Xi = [xi^n '■ n ^ N]^p ~ Xp. For each i G N \ {1}, let 

^ sequence of independent mean zero random variables in such that 
= {'yi,n}^=i = |lki,n|l2/ Iki.nllpj _^ Satisfies i;-'^;;^ = I for each n G N, and let 
Xi = [xi,n : n G N]^p ~ Xp^.^ . Then X,) ~ „ ~ 

{Xp © X;^^2 ) ^p ~ ® (S»^2 ) ^p ~ ^'^P ® -^P • 1^ 

The Independent Sum (^Xl* ^ 

Let 2 < p < oo. Suppose X is a closed subspace of Lq[0, 1] satisfying 
(a') the orthogonal projection of L^[0, 1] onto X C L^[0, 1], when restricted to L^[0, 1], 
yields a bounded projection P : L^[0, 1] — > X C L^[0, 1] onto X, and 
(c') X has an unconditional orthogonal normalized basis {xn}- 

We adopt notation as before, with X replacing X^ and Xn replacing In particular, 

yi,n = {Ti (xn)) o TTj G where Tj and TTj are as in the definition of (X^* xA 

' \ ' I,w 

For 2 < p < oo, we will show that for a fixed closed subspace X of Lq[0, 1] 
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satisfying the hypotheses (a') and (c') above, all spaces 

E®^ for sequences 
w = {wi} from (0, 1] satisfying condition (*) of Proposition 2.1 are mutually 
isomorphic. The following results follow the pattern of Propositions 2.7, 2.9, 2.10, 2.11, 
and Theorem 2.12, where it is shown that the isomorphism type of A^p^^ does not 
depend on w as long as w satisfies condition (*). 

Proposition 4.12. Let 2 < p < oo and let w = {wi} be a sequence of scalars 
from (0, 1]. Let X be a closed subspace of L^[0, 1] satisfying the hypotheses (a') and 
(d) above. Suppose {Ej} is a sequence of disjoint nonempty finite subsets of N such 

2p 2 

that YlieE- "^i'^ ^ 1 ^or each j G N. Let Zj^n = EieE '^i~^yi,n Sind let Zj^n be the 

2p \ 2p 



normalization of Zj^n in L^(ri). Let vj = ^Eiefi ^ j ^ ~ {^j}- Tiien 

(a) {zj n} is an unconditional basis for [zj n '■ j^n E N] \ which is equivalent 

(E X) 

to the standard basis of I E® ^ ) , s^nd 

V / I,v 

(b) there is a projection P : (Y.® ^ ^ ^ [zj^n ■ j,n £ N] /^g^ ^\ . 

Proof. First we establish some notation. Let be the Banach space of all 

sums of the form y = Yin ^i,nyi,n 

(for scalars aj_„) such that 

YiWYn^^i^nyiAlpin))" = (Ei IIEnOi-na^nllp)" < OO. Let y2,«;,{x„} 



be the Hilbert space of all sums of the form y = J2i En '^i,nyi,n (for scalars a^^n) such 

1 i_ 

tliat ||y||y^ ^^^^^ = (EJIEn«i,nj'i,nlli2(Q))' = (Ez ^1 En l«i,nl^ ll^^nHs) ' < OO, 

where the inner product in l2,«;,{x^} is defined by 



{yaj yb) Ej / (En '^i,nyi,n) (En bi,nyi,n) Ej '^i En '^i,nbi,n ||2^n||2 

(where ya = Ei En 0'i,nyi,n, Vb = Ei En t>i,nyi,n, and bar is complex conjugation). 
Let III III be the norm on 

(E®^) defined by 

V / I,w 

\\\y\\\ = max.<\\y\\^ , llyllv r- By Proposition 4.9, ||| ||| is equivalent to the 

standard norm on ( E® ^ ) ■ Without loss of generality, we will proceed in the 

V / I.w 
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context of (X^® x) endowed with the norm ||| ||{. 

V / I,w 

We now find the normaUzing factor for zj^n- Let aj = X^ieB, '"^f ^ • Noting that 
2 + ^ = ^, 1 



p_2 - p-2' - - il^nllp ^ W^nh, ^nd (7? > (T ? , we havc 



1 1 

. 2 

'J - 



max < 



2 




V — 2 

W[ Xn 






pj 



2p 



max <| [ Yl'^i^ W^nWl 



max<5 crj ||x„||p,(7/ ||x„||2 



2p 



Hence = a^. = a - " Y^ieE, < ^ Vi^n- 

(a) The unconditionahty of {zj^n} follows from the unconditionality of {yi,n} in 

(X;®^) • We now examine the equivalence of the bases. For scalars cij,„, we 
V / I,w ' 



have 



E E '^j,n^j,n 



J n 



EEaj,n<^,- " E < 'yi,r 



E E Eo-,- ^aj,nyi,n 



j ieEj n 



E E 

j ieEj 



E^r' E 

.7 i^Ej 



— i 2 



E 

j 



EE^i ,ny j n 



3 n 



and noting that 2 + ^ = ^andl-| = ^2, 



p-2 p-2 
2 



E E ^j,n^j,r 
j n 



E E " E < ' yi,r 



3 n 



ieEi 



(4.4) 
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_ 1 2 

E E Ef^j " aj,nyi,r. 
j ieEj n 



= E E ^lE 

j i(zEj n 

— 2 2p 

= E^"'^ E <-^EI%".l'll^^"' 



n 112 



p-2 
2p 



= E V EK 



E2 I 1^ II 11^ 

^ I'^ii"-! 11"^" II 2 



(4.5) 



E E 



where y^-^^ is analogous to yj^n with replacing Hence 



E E (^j,n^i 
j n 



max 



= max < 



E E '^j,n^j,T 
j n 



EEai,ny$> 

j n 



E E ^j,n^j,n 
j n 



Y2,w,{xn} . 



EE«. ,ny j n 



3 n 



where ||| |||^ is analogous to |j| ||| with v replacing w. Hence {-Sj,n} is equivalent 
to the standard basis {y^} of (^X^® • 
(b) Let TT : l2,«),{a:„} [zj,n '■ j,n e N]y be the orthogonal projection onto 



[zj,n ■j,ne defined by 



^(y) = EE /^'"^'"^ ^ 



Let y G (E®^)^^^ = n F2,.,{.„}. Then |k(y)||y^^^^^^ < My^^^^.^^y 

We will show that ||vr(?;)||y < WyWy well, whence 

\\\Tr{y)\\\ = max{\\Tr{y)\\y^ ^^^^^ , lk(y)||y^^^^^ J 
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Thus lettine 



\ ) I, 

to ( ^® X ) , P will satisfy our requirements. 

V / I,w 



be the restriction of tt 



Fix y = I]i I]„ Oi.nyi.n ^ [J2 X] . Let Aj,„ = {y,Zj^n) / {zj,n,Zj,n), so that 



I .W 



7r(y) = E,- J2n ^j,nZj,n- Noting that 2 + = 



^ and 2 + ^ = ^, we have 



= ( EE«i,nyi,n, E w'f 



2 

E wl'^yi^n, E wf-^yi^n 



= E wfai^nW[ ' ||X„||2 
= f E ) / I 

2(P-1) 



E ^i'f^ ' \\Xn\\l 



E 



2p 

p-2 



Thus we have 



TT 



E E ■^j,nZj,T 
3 " 



2 



EE'^j," E < 'yi.r 

J n i&Ej 



2 

E E ^>'j,nWr^yi,r^ 
j ieEj n 



E E 

. j ieEj 



EA 



2p 
p-2 



1 

p\ p 
pj 

1 

P\ P 



2(P-1) 



n ieEj 



p\ P 



2(p-l) 

E E 

n ieEj 



V) 



where by Holder's inequality, letting q be the conjugate index of p and noting 
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that {p — l)q = p and - = p — 1, 



1 

E E 



whence 



2(P-1) 
p-2 



< 



/ 2(p-l) \ ■? / 

E -.^-^ 



p \ p 



2p 



= E E 



jeEi 



E 













E 








1 




n 


pj ~ \ i 


n 


vj 



WWy, 



□ 



Remark. We have actually shown that for [Y^ X\ and (E* ^) endowed 
with the norms ||| ||| and ||{ |||^, respectively, is isometrically equivalent to the 

standard basis of , and there is a projection 

^ : (E® ^) ^ ^ - iHn ■■j,ne N] . e = 

Proposition 4.13. Let 2 < p < oo and let X be a closed subspace of Lq[0, 1] 
satisfying the hypotheses (a') and (d) above. Let w = {wi} and w' = {w'^} be 
sequences of scalars from (0, 1] satisfying condition (*) of Proposition 2.1. Then 

V / I,w' \ / I,w 

Proof. By condition (*), we may choose a sequence {Ej} of disjoint nonempty 



finite subsets of N such that for each j G N, 



2p 

W- \ P — 2 



2p 



2p 



<E.6i5,<-' < K)^-^ Then 



for Vj 



E 



ieE. 



w. 



_2p_\ 2p 
p-2 



,^<Vj< w'.. Let V = {vj} and let y G fX)® ^) 



Then i ||y| 



. Hence 
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(J2®x) ^(J2®X) . However, fe®^) ^ (E® x) by Proposition 

V / I,w' V / I,v V / I,v V / I,w 

4.12. It follows that ^ (T,® x] . □ 

Let 2 < p < oo and let X be a closed subspace of Lq[0, 1] satisfying the 
hypotheses (a') and (c') above. For each sequence v = {vi} from (0, 1], define spaces 
Yp^[y.^y and i2,?;,{a;„} ^ in the proof of Proposition 4.12. For each k eN, let 
t)^^) = Ivj^'^^l be a sequence from (0, 1], and let be a closed subspace of 
(^® X ) . Let (Yi © I2 © ■ ■ ■)„ 2 fvWl Banach space of all sequences {yk} 

with yfe G Yfe such that ||{yfc}|| = max | (^^l llyfclly^ {^^J " , (E ll^fcllY^ ^(^.^ J '| < oo- 
For each sequence v = {vi} from (0,1], let S{X,v) denote (X^*^) , and let 

V / I,v 

S {X, v) denote {S{X, v) © S{X, v) ® ■ ■ ■)p2 {y}, where {v} is the sequence {v, v, . . .}. 

Proposition 4.14. Let 2 < p < 00 and let X be a closed subspace of Lq[0, 1] 
satisfying the hypotheses (a') and {d ) above. Let w = {wi} be a sequence of scalars 
from (0, 1] satisfying condition (*) of Proposition 2.1. Let S{X,w) and S{X,w) be as 
above. Then S{X,w) A S{X,w). 

Proof. By condition (*), we may choose a sequence {N^} of disjoint infinite 
subsets of N such that for each e > and for each k, 



Wi<e 

Hence for each k, we may choose a sequence of disjoint nonempty finite 

subsets of Nk such that for each j, 

Then for v'^''^ = (j2-^^(.k) WiP^^ , < < Wj. Hence for v^'^^ = j'^^j'^^} and 



106 



yk e S {X,w), ^WykWy^ , <\\yk\\Y ... < llyfclly, , Hence 



(4.6) 

via the formal identity mapping. 

Let zj^^ = Ylii^E^^^ Wi~yi^n and let z^'^l be the normalization of Zj'^^ in 
Then by part (a) of Proposition 4.12, for each k there is an isomorphism 
Jfc: S {X, v^''^) zf)^ : j, n G N ^ . Moreover, for yk e S (X, v^''^) , 

ll-^^^^^^llyp.w} = ^^y^K^i^r.y = ll^^ll>;,„(.,.{.„j by equations (4.4) 

and (4.5), respectively. Hence 



2,{,;('=)} 



< 


'0 


® 


"-(2)" 
Z ■ 








S{X,w) 


J,n 


S{X,w) 



p,2,{w} 

(4.7) 



via the isometry {yk} ^ {JkiUk)}- 

The direct sum on the right side of (4.7) should be thought of as an internal 
direct sum of subspaces of S{X, w). We next show that 





"^(1)" 




"-(2)" 






® 

S{X,w) 




S(X,w) 



p,2,{w} 



zfl:j,n,ken 



S{X,w) 



(4.8) 



via the mapping {s^} i— > J2^k- For each k and for scalar s 0^*2) let 



«fc = E,- E„ ^ ^ J'' " e N Then by equations (4.4) and (4.5), 



S{X,w) 
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I Sfc I 



max < 



max < 



E 

k 



EE 

















(? 


EEaSC 


' ) 


j n 








'^2,u.,{a:„}/ 



(fc) 



EE(-fM E 
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f 








max < 


( 


EEEaS^JS 




EEE4S45 










fc J n 



f2,i<,,{a!„}, 



EEE454S 



EEEaJMi 



k j n 



k\\s{X,w)^ 



S{X,w) 

where ||| ||| is as in the proof of Proposition 4.12. Hence the mapping {sk} h- > is 
an isomorphism. 

By part (b) of Proposition 4.12, we have 



(E®^)^ =S{X,w). 

\ / I,w 



S(X,w) 

Combining (4.6), (4.7), (4.8), and (4.9) yields S{X,w) ^ S{X,w). □ 



(4.9) 



Proposition 4.15. Let 2 < p < oo and let X be a closed subspace of Lq[0, 1] 
satisfying the hypotheses (a') and (d ) above. Let w = {wi} be a sequence of scalars 
from (0, 1] satisfying condition (*) of Proposition 2.1. Then 

V y i,w \ J i,w \ J i,w 

Proof. Let S{X,w) and S{X,w) be as in Proposition 4.14. Then 

S{X,w) ^ S{X,w). Let F be a closed subspace of S{X,w) such that 

S{X, w) ~ S{X, w) e Y. Note that S{X, w) ~ S{X, w) S{X, w). Hence 

s{x, w) e s{x, w) ~ s{x, w) © s{x, w) © y ~ s{x, u;) © y ~ s{x, w). □ 

Theorem 4.16. Let 2 < p < oo and let X be a closed subspace of Lq[0, 1] 
satisfying the hypotheses (a') and (d) above. Let w = {wi} and w' = {w'^} be 
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sequences of scalaxs from (0, 1] satisfying condition (*) of Proposition 2.1. Then 

\ / I,w V / I,w' 

Proof. The spaces [Yl^ -X] {J2 -X) satisfy the hypotheses of 

V / l,w V / I,w' 

Lemma 2.8. □ 

Definition. Let 2 < p < oc. Let X be a closed subspace of Lq[0, 1] satisfying 
(a') the orthogonal projection of L^[0, 1] onto X C -L^[0, 1], when restricted to L^[0, 1], 
yields a bounded projection P : L^[0,1] —>■ X C L^[0, 1] onto X, and 
(d) X has an unconditional orthogonal normalized basis {xn}- 
Define {Y^^ ^) ; independent sum of X, to be (the isomorphism type of) 
E®^ for any sequence w = {wi} of scalars from (0, 1] satisfying condition (*) of 

V / I,w 

Proposition 2.1. 

By Theorem 4.16, is well-defined. 

The Space Dp 

Definition. Let 2 < p < oo, let {xn} be the sequence of Rademacher functions, 
and let X = [x^j^p ~ i^. Define Dp to be ^X^® X^ . For the conjugate index q, dehne 
Dg to be D*. 

Proposition 4.17. Let 1 < p < oo where p ^2. Then 

(a) Xp^ Dp, 

(b) e^) ^ Dp, and 

(c) (Z'^i')^^®Xp^Dp. 

Proof. It suffices to prove the result for 2 < p < oo, since the result for 
1 < p < 2 will then follow by duality. 
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Suppose 2 < p < oo. Realize Dp as \ Y^^ ^) > where X and {xn} are as in the 

V / I,w 

definition of Dp, and w = {wi} is a sequence of scalars from (0, 1] satisfying condition 

(*) of Proposition 2.1. Then Dp = [yi^n ■ i,n E N]^p^q^, where 

yi,n = (Ti (xn)) o VTj G L^(0), and Tj and VTj are as in the definition of (X^* xA 

' V / I,w 

(a) Let D^^ = [yi^i : i G NJ^p^^j^-j. Then D^"* is a complemented subspace of Dp by 
the unconditionality of and = where X^^^ = [xi]^p 

' \ / I,w 

and xi = l[o,i) ~ noted in Example 4.1, X^^^^^ ~ Xp. Hence 

Xp - Dj,'^ ^ L>p. 

(b) Choose an increasing sequence {ik} of positive integers such that ^w(~^ < oo, 
and let w' = {u^j^.}. Let Dp = {yi^,n '■ k,n € Nj^p^j^^. Then Dp is a complemented 
subspace of Dp by the unconditionality of {yi,n}, and 

= (E®^)^^, ~ (E®^)^, ~ by Corollary 4.10. Hence 

(c) By Proposition 4.15 and parts (a) and (b) above, 
(E® •^^)^^ ®Xp^ Dp®Dp^ Dp. 

□ 

For 2 < p < oo, it is clear that Dp ^ Bp, since otherwise Xp Z)p ^ 5p by 
part (a) of Proposition 4.17, so Xp ^ Bp, contrary to part (g) of Proposition 2.37. 

We now present results leading to the conclusion that Bp ^ Dp [A]. We begin 
with a definition and some preliminary observations used in the proof of the 
subsequent lemma. 

Let 2 < p < oo and let {r„} be the sequence of Rademacher functions. Given a 

sequence w = {wi} of positive scalars, let = Ti{rn) o tTj, where Tj and tt^ are as in 

the definition of ( ^® Xi ) . Let Pq : Dp ^ Dp be the zero mapping. For each 
V / I.w 
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m G N, let Pm : Dp ^ Dp be the natural projection of Dp onto 

[yi,n : i G {1, . . . , m} , n G N]^ . A sequence {zk} in Dp will be said to be strip 

disjoint if there is an increasing sequence {m^} in N such that 

II {Pm, - Pm,.,) {zk)\\o^ > (1 - ^) Md, for all keN. 

Let 2 < p < oo, let It; be a positive scalar, and let {w} = {w, w, . . .}. Let {e„} 
be the standard basis for Xp^^^y. Let T : Xp^^^y Dp be an isomorphic imbedding. 
Suppose e > is such that for each m G N, \\Pm (T {en))\\jy^ < e for infinitely many 
n G N. 

Then we may choose increasing sequences {7(n)} and {m{n)} in N such that 
T {e^in)) = Xn + Vn, whcrc Xn = Pm{n) {T {e^in))) , WxriWop < {Vn} IS Strip disjoint, 
and {xn} and {Vn} are block basic sequences with respect to the standard basis of Dp. 

There are constants K and C such that for each finite F cN, 





< 


E r(e7(n)) 


< 


Xn 


+ 


H Vn 


neF 




neF 


Dp 


neF 


Dp 


neF 



where [letting |F| denote the cardinality of F] 



neF 



p,{w} 



and 



E Xr, 
neF 



D \neF J \neF 



K\F\^ 



neF 



< Cmax<^ Yl \\yn\\l ' E ll^n 



D I \neF / \neF 



< Cmax<^ \F\p \\T\\ ,\F\^ ma!c||y„|L 

neF 



Thus for F such that \F\^ w > \F\p and \F\^ max^^p ||yn|l2 > l^l" 



\T-^\\ \F\^w <K\F\^ e + C|F|2 max||j/„||2, 

neF 



Ill 

so 

„ „ \\T- IV - Ke 
max||y„||2 > . 

Hence we may choose an increasing sequence {P{n)} in N such that for all n G N 

,, \\T-^\\~^ w - Ke 

\\yi3in)\\2 ^ ^ • 

Lemma 4.18. Let 2 < p < oo. Let {ej,„} be the standard basis for Bp and let 

Wi = (i) . Suppose T : Bp Dp is an isomorphic imbedding. Then there is an 
e > such that for all but a finite number ofiEN, there is an G N and an infinite 

Ki CN such that \\Pmi {T {ei,n))\\]j > "Wi^ for all n € Ki. 

Proof. Suppose the conclusion is false. Then for each e > 0, there is an infinite 
Ne C N such that for all i G Ng, all m G N, and all infinite K CN, there is an n G 
such that \\Pm (T(ei,„))||^^ < Wie. 

Fix e > and let = ^. For i G N, choose a{i) G Ng. such that {a(i)} is an 
increasing sequence in N. Let z G N. Then for each m G N, 
\\Pm (T (ec,(i),„)) 11^^ < w^(^i)ei = for infinitely many n G N. 

We may choose increasing sequences {7i(n)} and {mj(n)} in N such that 

(^a(i),7i(n)) Xi,n + 2/i,n) wherC Xj,^n Pmi{n) {P (^a(i),7i(n))) ) ^ 2^^' 

{yi,n}i^rieN ^*"P disjoint, and {a;i,„} ■ „gr^ and ^^^^^ ^^^^ sequences 

with respect to the standard basis of Dp. 

There are constants K and C, and there is an increasing sequence {Pi{n)} in N, 
such that for all n G N 

||rn_l||— 1 T^'^a(i) 

II II ^ IF II ^"W -^^F^^ 

\\yi,l3i{n)\\2 > ■ 

By the fact that L^ is of type 2 [W, IILA.17,23], and by Holder's inequality for 
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conjugate indices p' = ^ and q' = there is a constant K such that for scalars aj^^ 



<^(EEKnr(^e) 



^^(E(EKn|'<J(^)' 



^ -^^^ E E |ai,n| 



-'a(i) 



2tA 



>.P\ " 



i 

E(^)^ 



-2 \ 2 



p-2 
2p_ \ 2p 



= Ke 



B„ 



E E ^i,n(ia{i),n 
i n 

E E 0'i,n^a{i),'yi{n) 



p~2 
2p \ 2p 
I p-2 



E(^) 
E(^)^ 



p-2 
2p \ 2p 



Thus given 6 > 0, ||Ei En ^ ||Ei En «i>ne„(i),^,(„) jj^^ for e 

sufficiently small. Define : [eo,(j)_^.(„) : i,n G N]^ — >■ Z?p by 
^ (Ei En «i,nea(i),7i(n)) = Ei En (^i^nVi^n- Then for £ Sufficiently small, 5 is an 
isomorphic imbedding. Since {yi,n]i^^^ is strip disjoint, [yi^n '■ i,n€ N]^ ~ Xp^y for 
some V. However, [ece{i),ji{n) '■ ijU eN]^ ~ Bp. Since Xp^^ ^ £^ © £^ by Proposition 
2.1, Theorem 2.12, and part (a) of Proposition 2.24, Bp ~ [ea{i),ji{n) '■ i,n E N] ^ ^ 
[yi^n ■ i,n E N]^ ~ Xp^^ ^ £^ so Bp^ l"^ ® ff' , contrary to Lemma 2.23 and part 
(a) of Proposition 2.37. □ 



p-2 



Lemma 4.19. Let 2 < p < oo. Let w = {wi} where Wi = (4) , and let 

yi^n be as above. Let {Ei} be a sequence of disjoint nonempty finite subsets of N. Let 



{zk,e} be a sequence in Dp which is normahzed with respect to 



such that for 



each £ G N, Zk,i € [yi,n '■ i G Bi,n G N]^ for all k G N and {zk,t}i^^^ is equivalent to 
the standard basis of . Then there is an infinite L C N, and for each i E L there is 
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an infinite Kg C N, such that {zk,e}f.eKe eeL equivalent to either the standard basis 
of P or the standard basis of ^X^® ^ ■ 

Proof. By passing to a subsequence, we may assume that {zk,i\ is a block basic 
sequence with respect to the standard basis of Dp. 

Let Zfc,^ = YjieEi '"i,k,e where Vi^k,e = Y,neNi_k,e ^i,riyi,n for Ni^k,e C N and scalars 
bi^n- Let \i^k,i = (^^neNi,k,s ' • '^^^^ scalars ak,i 



^^ak,ezk,. 
t k 



e k ieEi 



J2J2(^k,i Z) Z) Knyi,r. 



E Z Z Z ak,ebi^nyi 



-P\ P 



= max < 



= max < 



Z Z Z Z \ak,A 

I ieEe \ k neNi^k,e 



Z Z [EM'Kk, 

, i ieEi \ k 



> Z Z ^^i Z Z \ak,ebi 

\ I ieEe k neNi^k,e 



,IZ Z y^lE\ak,ef>^lk,e 

V i ieEi k 



As a special case of the above, 



whence Xi^k,i < 1 for G N and i € Eg. Let {ck} be a sequence of positive scalars 
with limit zero. For each £ e N, choose an increasing sequence {ae{k)} in N and 
scalars Aj for i € such that \\i^ae(k),£ — Aj| < for G N and i G E^. Then 



Z Z 0'k,eZai{k),e 

I k 



= max <( ( Z Z { Z WA^ >H,Mk),i 



t ieE( \ k 



max<( (Z Z Ar ZK 

£ ieEt \ k 



, (z Z "^f ZI«Ml^\>,(fe),d 



, Z Z ^fAf zk 



ieEe 



1 

t2\ 2 



= max < 



Z Z KWMkTe^] ' Z Z w^Aj\\{ak,t},\ 
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where the approximation can be improved to any degree by the choice of {cfe} and 
{a^(fe)}. As a special case of the above, 

1 = |||^a,(fe),€|||i5^ ~ T^^{{J2ieEt K)^ ' (EiGB, w^f^f) where the approximation 
can be improved to any degree by the choice of {ck} and {ai{k)}. Hence {zaf{k),e} 

can be chosen to be equivalent to the standard basis of (Y]®^^ ) where W = {WA 

\ J i,w 

and 



e 



If inf^eN We, > 0, then {za^(^i.),e} is equivalent to the standard basis of i"^. 
If inf^eN We = 0, then {^^^(fc)/} is equivalent to the standard basis of i'^ 
□ 

Remark. As a special case of the first display in the above proof, 

= ^Sx{Xi^k,i,'WiK,k,i} = K,k,l- 

Lemma 4.20. Let 2 < p < oo. Suppose T : Bp Dp is an isomorphic 
imbedding. Then Bp has a complemented subspace X isomorphic to Bp, and Dp has 

a closed subspace Y isomorphic to P ® Xp^y or ^ ® Xp^^ for some v, such that 

T{X) C Y. 

Proof. Choose (as we may by Lemma 4.18) e > and N' C N with finite 
complement such that for each i E N', there is an G N and an infinite C N such 
that \\Pmi {T {ei,n))\\Dp ^ "^i^ foi" ah n G Ki. 

For each i G N' and n G K^, let T (ei,„) = Xi^n + yi,n, where Xi^n = Pnn (T (ei,„)). 
For each i G N', choose an infinite Hi C Ki such that = rj_„ + for n G Hi, 
where < for n G Hi, and {si,n}neH i^ strip disjoint. Choose infinite 

Gi C Hi for i G N' such that {•Si,n}jgN/ neG- i^ strip disjoint. 

Now for i G N' and n e Gi, T (ei,„) = Xj,^ + ri,„ + Sj,„, where 
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Xi,n = Prrn {T{ei^n)), < ffe, and {si,n}i^^> ^neG, ^*"P disjoint. 

For each i G N' choose an infinite Fj C Gi such that i llxj „|| „ \ is 
(l + ^)-equivalent to the standard basis of l"^. Choose (as we may by Lemma 4.19) 
an infinite N" C N', and for each i G N" choose an infinite Ei C Fj, such that 
[xi^n ■ i G N",n G -Fj]^^ is isomorphic to i'^ or (^I]®^^^^^. Now 
[xi^n ■ i G N", n e Ei]j^^ ~ + ri^n ■ i G N", n G -^i]^^ , since 
lki,n|li:) < Ire < — ^^^-^ for i G N" and n G Fj, and has an upper £^ 

estimate. 

Let X = [ci^n ■ i G N", n G -^jj^^ ~ 5p, and let 
^ = [xi,n + ri,„ : i G N", n G F^]^^ : z G N", n G Fj]^^. Then 
T{X) = [xi^n + ri,n + Si,n ■ i G N", n G F^]^^ C Y, and 

^ ~ [xi,n ■ i G N", n G -Ej]^^ © : i G N", n G -Fj]^^ is isomorphic to i'^ © or 
(E* ® ^P,t; for some v. □ 

Proposition 4.21. Let 1 < p < oo where p / 2. Tiien Bp ^ Dp. 



Proof. Suppose 2 < p < oo and Bp Dp. Then 

© Xp,^ for some v by Lemma 4.20, but Xp^y ^ Xp for all v by 
Proposition 2.1, Theorem 2.12, and part (b) of Proposition 2.24. Hence 

^ (E® ^^)^p ® contrary to Proposition 2.48. The result for 1 < p < 2 now 
follows by duality. □ 

Sums Involving Dp 

A few more £p spaces can be constructed by forming sums involving Dp. The 
resulting spaces are Bp © Dp and (Y1^ ^p^ p® ^p- 

We first present results leading to the conclusion that Dp ^ p [-^]- 
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Given E C N, let Pe : (E®^^)^, ^ (E® ^^)^, be the natural projection onto 
the subspace (^E® ^i) with Xi = f if i e E and Xi = {0} otherwise. Given M G N, 
let Pm = P{i,...,M}- 

Given F C N, let : (j2® -^i) ^ ^9)^9 natural projection onto 

the subspace (y,® with Yi = Xq ii i e F and = {0} otherwise. Given N eN, 
let Pj^ = P{i_...^jv}- 

Lemma 4.22. Let 1< q < r < 2. Then (E*^^)^, (E*^?)^,- 

Proof. Suppose (e®^^)^^ - (^'^^«),,- ^ (E®^^)^. - (S""^^),. 

be an isomorphic imbedding. Then given n eN, P^oT : ^E® ~^ (E® 
not an isomorphic imbedding, essentially by Lemma 3.7. Thus given e > and m € N, 
there is an X G (^E® ^^)^^ with P„(a;) = such that ||P;; (T (a;))|| < 2\\T-m ll^ll- 
Hence there is an M G N with m < M such that 

\\P;,{T{Pm{x)))\\ < \\Pm{x)\\ < f ||r(PM(x))||. Letting y = Pm (x) and 

= {m + l,...,M}, PB(y) =yand \\P^{T{y))\\ < |||r(y)||. Now there is an AT G N 
with n < N such that \\P^{T{y))\\ > (l - |) Letting P = {ra + 1, . . . , A^}, 

(l-6)||r(y)||<||P^(r(y))||<||r(y)||. 

Given ei, £2, . . . > 0, we will inductively find disjoint nonempty finite sets 
Pi, P2, . . . C N with maxPj < minP,/ for i < i', yi, 1/2, • • • e (^E® ^^)^ with 
Psiiyi) = J/i, and disjoint nonempty finite sets Pi,P2, . . . C N with maxP, < minPj/ 
for i < i', such that (1 - \\T{yi)\\ < \\P'p^{T{yi))\\ < \\T{yi)\\ for each i G N. 

Given ei > 0, the argimicnt above with n = 1 and m = 1 shows how to find a 
finite Pi C N and yi G (^E® ^^)^^ with PeAvi) = Vi^ and a finite Pi C N, such that 
(l-6i)||r(2/i)||<||P^^(r(2/i))||<||T(yi)||. 

Let {ci} be a sequence of positive scalars and let k E N. Suppose Pi, . . . ,Pfc, 
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yi, . . . , j/fe, and Fi, . . . ,Fk satisfying our requirements for all i G {1, . . . , k} have been 
found. The argument above with n > max Fj. and m > maxE^ shows how to find a 
finite Ek+i C N and yk+i £ (YI'^ with maxEk < min£^fe+i and 
Psk+i iVk+i) = Uk+i, and a finite Fk+i C N with maxFk < minFfe_|_i, such that 
(l-efc+i)||r(yfc+i)|| < \\p'p^^^ (r(yfc+i))|| < \\T iyk+i)\\. Thus {Ei}, {yj, and {F^} 
can be found as claimed. 

For {ej} approaching zero rapidly and {yi} normalized, [j/j] ~ £'^, but 
[r(yi)] ~ [P^. {T{yi))] ~ Hence T contrary to fact. It follows that no such 

isomorphic imbedding T exists. □ 

Lemma 4.23. Let 1 < g < oo and let {xi} be unconditional in L'. Let C be the 
sign-unconditional constant for {xi} and let Kq be Khintchine's constant for L*. Then 
for scalars di, 



q (jlx'i 



Y,\diXi{s)\ ds 



hi 



Proof. Let {rj} be the sequence of Rademacher functions. Then by the 
unconditionality of {xi}, Fubini's theorem, and Khintchine's inequality, we have 



Ci 



Y,diri{t)xi{s] 



ds dt 



Y,diXi{s)ri{t) 

i 

j (T.\diXi{s) 

J \ i 



dt ds 



ds 



E \diXi 



□ 



Lemma 4.24. Let 1 < q < r < 2. Then (j2^ ^^)^ ^ Dg. 

Proof. Let p be the conjugate index of q, let {r„} be the sequence of 
Rademacher functions, let CI = Yl^i[0, 1], and let {iVj} be a sequence of disjoint 
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infinite subsets of N with N = \J-^j^Ni. For each i eN, let {ri^n}nen = {'""IneiVi' ^^'^ 



2p 

let Zi : [0, 1] — > M be the normalization in L'^ of l[o,jti]) where ki = w[~^ and {wi} is a 
sequence of positive scalars satisfying condition (*) of Proposition 2.1. 

Let u = {ui,U2, . . .) and v = {vi,V2, ■ ■ ■)■ Now {zi{ui)ri{vi)}^^^, being a 
sequence of independent symmetric three-valued random variables, and is equivalent to 
the standard basis of {^j. Thus by [RII, Corollary 4.2], we may choose a 
sequence {oj} of scalars and a sequence {Fj} of nonempty finite intervals in N with 
N = UjeN-^i ^""^ 1 + maxFj = minF^+i, such that for yj{u,v) = Z^ieF^ 
{yj{u,v)} is a (perturbation of) a sequence of independent r-stable normalized random 
variables in L^(r2^). Then for scalars bj^n, letting cj = (^Yl^ \bj,nf^ ^ , by Khintchine's 
inequality. Lemma 4.23, and the r-stability of {yj{u,v)}, for t = (ii,n)ieN, neATj we have 



SS^j> E aiZi{ui)ri{vi)ri^n{ti 

j n ieFj 




j n ieFj 



dt dudv 



Jn Jn \ j n ieFj J 

/ /EE \cjaiZi{ui)ri{vi)f dudv 
Jn Jfi V j ieFi J 



J2 E CjaiZi{ui)ri{vi) 

3 ieFj 



J2cjyj{u,v] 
j 



Hence 



Z aiZi{ui)ri{vi)ri^n{ti,n) : j,n eN 



ieF. 
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Moreover, by the choice of {zi}, 



aiZi{ui)ri{vi)ri^n{ti,n) : j,n G N 

ieFj 



L«(n3) 



oo 



It follows that (j2® ^^)^^ ^Dq. □ 

Proposition 4.25. Let 1 < p < oo where p ^ 2. Then Dp ^ ^X)® ^p) ^p- 

Proof. Suppose 1 < g < 2 and A (E®^?)^,- Then for 1 < § < r < 2, 

(E*^'),. - ^ (^®^«),. by Lemma 4.24, so (E®^^)^^ - (S''^^),.' 
contrary to Lemma 4.22. Hence Dg (Y1^ ^, and the result for 2 < p < 
holds by duality. □ 

Next we present results leading to the conclusion that ^ Bp ® Dp 

[A]. 

Let 1 < q < r < 2, and let p be the conjugate index of q. Let {cj} be the 
standard basis of Let be the standard basis of Dp, and let {z*j} be the 

corresponding dual basis of Dq, where for each j G N, [zij : i G N]^ ~ 

Given E cN, let Pe '■ ^ be the natural projection onto the subspace 
^Ie) = [ei : i e -E]^.. Given M G N, let Pm = -P{i,...,m}- 

Given F C N, let P'p : Dq ^ Dq be the natural projection onto the subspace 
L>(^) = [z*^. : i G N, j G F]^^. Given iV G N, let PJ^^ = P{i,...,jv} and let 

^(iv)^^a...,iv}_ 

Lemma 4.26. Let 1 < q < r < 2. Suppose T : t ^ Dq is an isomorphic 
imbedding. Then for each sequence {ei} of positive scalars, there is a normahzed block 
basic sequence {y,} in and a sequence {Pj} of disjoint nonempty finite subsets of N 
with maxPj < minPj' for i < i' , such that F ~ [uilir ~ [T{yi)]jj^ ~ [P'p. (r(yj))]^ via 
equivalence of natural bases, with (1 — e,) ||r < ||P^. (r(yj))|| < ||r(yj)|| for each 
i G N. 
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Proof. Given n G N, f' , so o T : i"^ ^ Dq"-' is not an isomorphic 

imbedding. Thus given e > and m G N, there is an x G l'^ with Pm{x) = such that 
\\P^ {T (x))|| < 2\\T-'^\\ ll^ll ■ Hence there is an M G N with m< M such that 
\\P;,{T{Pm{x)))\\ < \\Pm{x)\\ < f ||r(PM(a;))||. Letting y = Pm [x] and 

E = {m + l,...,M}, Psiy) = y and ||P;;(r(y))|| < § ||r(y)||. Now there is an AT G N 
with n < such that ||Pj;f(T(y)) II > (l - §) ||r(y)|| . Letting F = {n + 1, A^}, 

(i-6)||r(y)||<||p;(r(j/))||<||r(j/)||. 

Given ei, 62, . . . > 0, we will inductively find disjoint nonempty finite sets 
Ei,E2, . . . C N with maxE'j < min£^j' for i < i', yi,y2, ■ ■ ■ E with Psiiyi) = yi, and 
disjoint nonempty finite sets Fi, F2, ■ ■ ■ C N with maxFj < minFj/ for i < i', such that 
(1 - ei) ||T(y,)|| < \\P'p^iT{yi))\\ < ||r(y,)|| for each i G N. 

Given ei > 0, the argument above with n = 1 and m = 1 shows how to find a 
finite El CN and yi G i'^ with Pei (yi) = yi, and a finite Fi C N, such that 
{l-ei)\\T{yi)\\<\\P^^{T{yi))\\<\\T{yi)\\. 

Let {ci} be a sequence of positive scalars and let G N. Suppose Ei, . . . ,Ei~, 
yt, . . . ,yk, and Fi, . . . ,Fk satisfying our requirements for alH G {1, . . . , k} have been 
found. The argument above with n > maxF^ and m > maxEk shows how to find a 
finite Ek+i C N and yk+i G T with max^;?. < min^^fe+i and Pe^+i iVk+i) = yk+i, and 
a finite -Ffc+i C N with maxP^ < mmFk+i, such that 

(l-efc+i)||r(yfc+i)|| < jp'p^^^ < ||r(yfc+i)||. Thus {Ei}, {yj, and {PJ 

can be found as claimed. 

For {e,} approaching zero rapidly and {yi} normalized, 

~ [yi]^r- ~ [T{yi)]i)^ ~ [Pp. {T{yi))]^ via equivalence of natural bases. □ 



Lemma 4.27. Let 1< g < r < 2. Then (E*^'')^, -D,. 
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Proof. Suppose (E®^"")^, ^ Dq. Let T : Dg be an isomorphic 

imbedding. Let {eij} be the standard basis of (YI'^ where for each j € N, 

is isometrically equivalent to the standard basis of i'^. For each j G N, 
let = [cij : i gN], and for a sequence I^F'*! of positive scalars, choose 
(as we may by Lemma 4.26) a normalized block basic sequence | yp-* \ in i"^.. 
and disjoint nonempty finite subsets Fp\ Fg-'^ ... of N with maxF^-'^ < minFj^P 



for i < i', such that 



fr 



,(.?) 



equivalence of natural bases, with 



( 



1 -e 



0) 



< 



P' 



: i € N 



< 



P' 



,(.?) 



via 



,0') 



for each z G N. 



For approaching zero rapidly and for infinite subsets Mi, M2, ... of N chosen 
so that \f}^^ \ is disjoint, 

(E® ^'■)^, - [t {yf ^) : i G M,, j G n]^^ ^ [p;^,, (r (yp))) : i G M„ j G 

equivalence of natural bases. Hence the standard basis of ^E® , equivalent to 
the span in of a sequence of independent random variables, contrary to Lemma 3.7. 
It follows that {jf r)^^ i^Dq- □ 

Lemma 4.28. Let 1< 9 < r < 2. Then (^E® ^'■)^, '7^ Bg®Dg. 

Proof. Suppose (E® ^'^)^, ^ 5q Dg. Let T : (E® ^'^)^, ^ Bg®Dg be an 
isomorphic imbedding. Let Q : Dq Dg ^ Bg ® {Od^} be the obvious projection. 
Then QT : ^E® ^"^^ , ^ -^g ® {^^g} ^ bounded linear operator. As in the proof of 
Lemma 2.45, there is a subspace X of (^E® ,1 isometric to (^E® ^'^^ ^^ch that 
||Q|t(x)|| < 1) whence (/ — Q)\t(x) induces an isomorphic imbedding of ^E®^*^) , 
into Dg. However by Lemma 4.27, no such imbedding exists. It follows that 
^J2^r)^^y^Bg®Dg. □ 



N 



via 
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Proposition 4.29. Let 1 < p < oo where p ^ 2. Then (j2® ^p)^p '^Bp®Dp. 

Proof. First let 1 < g < 2 and suppose (^Yl® ^9)^9 -^9 ® ^g- 
1 < q < r < 2, r ^ Xghy Lemma 2.35, so (E®-^*^)^, ^ (E*^?)^, ^Bq®Dq. 
Hence ^ Bg®Dg, contrary to Lemma 4.28. It follows that 

(E® Xq)^g Bq®Dq. Thc rcsult now holds for 2 < p < 00 by duality. □ 

Finally, we distinguish Dp, Bp ® Dp, and ^E* -^v) p® from each other and 
from the Cp spaces of Rosenthal. 

Proposition 4.30. Let 1 <p < 00 where p^2. Then 

(a) Dp^ Bp, 

(b) Bp^Dp, 

(c) Bp®Xp^ Dp, 

(d) Bp®Dp^ Dp, 

(e) {E"^ Xp) ^ Dp, 

(f) ^p^(E®^p)^,, 

(g) Bp®Dp^{z®Xp)^^, 

(h) (E®^p)^,©i^p^(E®^p)^., 

(i) Dp^Bp®Xp, 

(j) Bp® Dp ^ Bp® Xp, 
(k) Dp^(j:'^f)^^®Xp, 
(1) {j:®Xp)^^^Bp®Dp,and 
(m) (e® ^p)^, ®Dp^Bp® Dp. 

Proof. Suppose 2 < p < 00. 
(a) Suppose Dp Bp. Then Xp Dp ^ Bp by part (a) of Proposition 4.17, so 
Xp '-^ Bp, contrary to part (g) of Proposition 2.37. 
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(b) Part (b) is a restatement of Proposition 4.21. 

(c) Part (c) is immediate from part (b). 

(d) Part (d) is immediate from part (b). 

(e) Suppose (E*^p)^p ^ Dp. Then Bp ^ (E*^?)^^ by Proposition 2.27, 
so Bp"-^ Dp, contrary to part (b) above. 

(f) Part (f) is a restatement of Proposition 4.25. 

(g) Part (g) is immediate from part (f). 

(h) Part (h) is immediate from part (f). 

(i) Suppose Dp ^ Bp® Xp. Then Dp ^ Bp ® Xp ^ (^^® ^p)^p P^^* °^ 
Proposition 2.43, so Dp ^ (Y1^ -^pj p j contrary to part (f ) above. 

(j) Part (j) is immediate from part (i). 

(k) Suppose Dp A (E® ^^)^^ ® Xp- Then Dp A (E®-^^)^^ ® Xp ^ Bp ® Xp by 

Proposition 2.32, so Dp Bp Q Xp, contrary to part (i) above. 
(1) Part (1) is a restatement of Proposition 4.29. 

(m) Part (m) is immediate from part (1). 

The result for 1 < p < 2 fohows by duahty. □ 

Building on diagram (2.27), for 1 < p < oo where p ^ 2, we have 



Bp 



(E»x,), 



(e*<0 



c c c 

\ / \ 

Bp®Xp {Y!^Xp^^^®Dp A L". 

c c c 

/ \ / 

Xp Bp © Dp 

c c 

\ / 

Dp 



(4.10) 



CHAPTER V 



THE CONSTRUCTION AND ORDINAL INDEX OF BOURGAIN, 
ROSENTHAL, AND SCHECHTMAN 

Let 1 < p < cxD and let B and Bi,B2,... be separable Banach spaces with 
B ^ LF and Bi^ LF . Bourgain, Rosenthal, and Schechtman [B-R-S] iterate and 
intertwine two constructions, a disjoint sum of B with itself and an independent sum 
of Bi,B2, . . ., to produce a chain {Ra}a<uii separable Cp spaces. An ordinal index 
is introduced which assigns to each separable Banach space B an ordinal number 
hp{B). The index hp{ ) proves to be an isomorphic invariant, and is used to select a 
subchain of [infinite-dimensional] isomorphically distinct spaces. Thus 

Bourgain, Rosenthal, and Schechtman show that there are uncountably many 
separable infinite-dimensional Cp spaces [up to isomorphism]. 

Preliminaries 

We let LOi denote the first uncountable ordinal, and we let oj denote the first 
infinite ordinal [except in some contexts where lo will denote an element of a space . 

A strict partial order on a nonempty set X is a relation -< on X which is 
transitive and anti-reflexive. 

A tree is a nonempty set T with a strict partial order -< such that for each x eT, 
{y €T : y ^ x} is well-ordered by ^. We say that a tree (T, -<) is a CFRE (countable 
finite-ranked elements) tree if T is finite or countable, and for each x eT, 
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{y : y ^ x} is finite. 

Let (r, -<) be a tree. A subtree of T is a nonempty subset 5 of T witfi partial 
order -< [suitably restricted] such that for each x E S, the set {y E T : y ~< x} is 
contained in S. 

Let (T, ^) be a tree. A branch of T is a maximal totally ordered subset of T. 
Suppose (r, -<) is a CFRE tree. We say that i? is a finite branch of T if i? is of the 
form {y e T : y ^ x} ioT some x G T. We call {y & T : y ^ x} the finite branch of T 
generated by x. Note that a finite branch of T need not be a branch of T, although a 
finite branch of T is a branch of some subtree of T. 

Let <l be a relation on a nonempty set X. 

An infinite <i-chain xi <i X2 < • • • in X is a sequence {x^j^^gj^ in X such that 
Xn < Xn+i for all n G N. A finite <l-chain xi <l ■ ■ ■ < xjv in X is a sequence {xn}n=i in 
X such that a;„ < Xn+i for all 1 < n < TV. An x E X is <-terminal in X if there is no 
y G X such that x <y. 

The relation <i is well-founded in X if there is no infinite <-chain Xi < X2 < ■ ■ ■ 
in X. Note that if < is well-founded, then < must be anti-reflexive and there can be no 
finite <l-chain xi <l • ■ ■ <l xn with xi = xn- 

For n G N, an n-string is an n-tuple which is not delimited by punctuation. We 
will identify a 0-string with the empty set. For n G N U {0}, let D„ be the set of all 
n-strings of O's and I's. Then = {ti • ■ ■ t„ : G {0, 1} for all 1 < z < n} for n G N, 
and Dq = {$}. Fix n G N U {0}. Then D„ has cardinality 2". There is a natural 
identification of D„ with Sn = {0, . . . , 2" — 1}, namely ti • ■ ■ '-^ Y17=i i»2"~' for 
n G N, and {0} i— > 0. Thus for n G N, • • • t„ G is the n-place binary expansion 
[possibly with leading O's] of some r G Sn- 
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Let n,m G N U {0}. Given t G D„ and s G Dm, let t's be the element of Dn+m 
formed by the concatenation of t and s. 

Let (fi,A^,/x) and (fi', A^', /x') be probability spaces, and let X and X' be spaces 
of measurable functions on Q, and fi', respectively. We say that X and X' are 
distributionally isomorphic, denoted X '^^^ X' , if there is a linear bijection T : X ^ X' 
such that dist(rx) = dist(a;) for all x G X. 

The Ordinal Index 

Before introducing the ordinal index hp, we introduce a general ordinal index h 
based on essentially the same concept, but applicable to a simpler class of spaces. 

A General Ordinal Index h 

Let <i be a relation on a nonempty set X. 

For each ordinal a, we define a subset Ha{<) of X. Let Ho{<) = X. If a = /3 + 1 
and Hp(<\) has been defined, let Ha{<) = {x € Hii{<) : x <i y for some y € Hjj{<)}. 
If a is a limit ordinal and Hi3{<) has been defined for all (3 < a, let 

^a(<)=n^<a^/3(<). 

li (3 < a, then Hp{<) D Ha{<)- The members of the nonincreasing family {Hct{<)) 
cannot all be distinct. For suppose the members are distinct. Then there is a family 
(xa) of distinct elements of X, with Xq, G Ha{<\) \ Ha+i{<)- Thus for a sufficiently 
large ordinal F, {x^ : a < F} has cardinality larger than the cardinality of X, contrary 
to {xa : a < F} C X. Hence there is a least ordinal 7 such that H^{<i) = i?^+i(<). Let 
h{<) denote this least ordinal 7, and let S'(<l) denote the stable set Hj{<). Then the 
cardinality of h{<) is bounded by the cardinality of X. Note that if Hj{<) = Hj^i(<), 
then Hj{<) = Hy{<) for all 7' > 7. 
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Suppose <l is not well-founded. Then there is an infinite <-chain xi < X2 <l • ■ ■ in 
X. For such a chain, {xi,a;2, . . .} C for all a. Thus {xi,X2, . . .} C S'(<i) and 

S{<i) ^ 0. For the converse, suppose S'(<l) ^ 0. Let x G S{<i). Then x is not <i-terminal 
in S'(<l), so there is some y G S{<i) with x <iy. By induction, there is an infinite <l-chain 
xi < X2 < ■ ■ ■ va. S{<) d X . Thus <l is not well-founded. It follows that < is well-founded 
if and only if 5(<) = 0. 

Let <l and <l' be relations on nonempty sets X and X' , respectively. A function 
T : (X, <i) {X', <') preserves relations if tx <' ry whenever x<y. 

The following lemma [B-R-S, Lemma 2.4] establishes a property of the ordinal 
index h with respect to relation-preserving maps. 

Lemma 5.1. Let < and <' be relations on nonempty sets X and X' , respectively. 
Suppose T : {X,<) — > {X' ,<') preserves relations. Then t {H C Ha{<') for all 
ordinals a. If in addition <' is well-founded, then h{<) < h{<'). 

Proof. Clearly T(i/o(<)) = t{X) C X' = Ho{<'). Suppose a = /? + 1 and 
t{H0{<)) C Hp{<'). Then r : H0{<) Hp{<') [suitably restricted]. Since r preserves 
relations, if x is not o-terminal in i/^(<), then r(x) is not <]'-terminal in Hp{<i'). Hence 
T (i?o,(<l)) C Hci{<'). Suppose a is a limit ordinal and r (i?^(<l)) C Hfj{<') for all f3 < a. 



Then r {H^{<)) = r (n^<„ Hp{4)) C n^<„ r {H^i^)) C n^<„ Hp{<') = H^{<'). 



Suppose <l' is well-founded. Let 7 = h{<) and 7' = h{<'). Then 
T(iJy(<l)) C -ff-y'K) = 0- Thus -ff-y'(<i) = as well. Hence 7 < 7' and h{<) < h{<'). 



□ 



Motivation from L' 



Let 1 < p < 00. Let {^nl^eN sequence of normalized functions in 



given by 51 = l[o,i], 52 = 2^ l[o,i/2] , 53 = "^"^1/2,1], ■ ■ ■ , 9n = 




[r/2'=,(r+l)/2'=]) 
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. . . , where n = 2'' + r such that A; G N U {0} and < r < 2*^. For n, A;, and r as 

above, 2n = 2^+^ + 2r where < 2r < 2^=+^ and 2n + 1 = 2^=+^ + (2r + 1) where 

, , jk + l) (k+l) 

< 2r + 1 < 2«+\ Thus C/2n = 2 P l[2r/2'=+i,(2r+l)/2'=+i] = 2 p l[r/2* ,(r+l/2)/2'=] , 

(fc+i) (fc+i) 
5'2n+l = 2 P l[(2r+l)/2'= + i,(2r+2)/2'= + i] = 2 ^ l[(r+l/2)/2'=,(r+l)/2'«]) ^ud 

gn = 2"p (cj'2n + g2n+i)- This reflects the fact that suppgn = suppg2n U suppg2n+i 

[with the union being essentially disjoint]. The coefficient 2~p is simply a 

normalization factor. Thus the functions gi,g2, ■ ■ ■ can be arranged in a binary tree 

[level 0:] gi 

[level 1:] 52 93 

[level 2:] 54 55 c/e 97 

according to their supports, where the functions at level A; are of the form 52'= +r with 
< r < 2^. 

Indexing by binary expansions, gt = 2~p {gt o + 5t i)) where t is the binary 

expansion of n G N, and t'O and t'l are the binary expansions of 2n and 2n + 1, 

respectively. The corresponding tree is 

[level 0:] gi 

[level 1:] c/10 gu 

[level 2:] c/100 gioi giw 5111 

where the functions at level k are of the form gi -g where s is the A;-place binary 

expansion of r for < r < 2^^. 

Dropping the superffuous leading I's and indexing by strings of O's and I's, 

gs = 2~p {gs-o + 9s-i), where s is a string of O's and I's. The corresponding tree is 

[level 0:] 50 

[level 1:] go gi 

[level 2:] yoo goi gw gii 

where the functions at level k are indexed by /c-strings of O's and I's. 
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Level k itself can be thought of as a 2'^-tuple of elements of L^. Recalling that 
Dk is the set of all fc-strings of O's and I's, the cardinality of is 2^. Thus level k 
can be thought of as a function from Dk to L^, or an element of {LF)^'' . Letting Uk 
denote level A;, 

""0 = ( g<b ) 

ui = { go , gi ) 

U2 = { goo , goi , gw , gu ) ^^-^^ 

where for each s G Dk, Uk{s) = 2~p {uk+i{s'Q) + Uk+i{s'l)). Moreover, for each 
s & Dk and each d G N, 

Uk{s) = 2~i Yl Uk+d{s-r). (5.2) 

reDa 



Furthermore, for each A; G N U {0} and each c G R * , 

p 

[ E c{s)uk{s) = E \c{s)r [ \ukis)r = E \c{s)\r (5.3) 



The Space ^) 



For n G N U {0}, recall that D„ is the set of all n-strings of O's and I's, and there 
is a natural identification of with {0, . . . , 2" — 1}, namely ti • • • t„ i-^ Er=i ^^2""* 
for n G N, and {0} i— > 0. For a vector space B, B^^^ is the set of all functions from I?„ 
to B, which can be identified with the set of all 2"-tuples (6o, ■ ■ ■ , &2"-i) of elements of 
B. We identify 5^° with B. 

We do not assign an independent meaning to X>, but given a vector space B, we 
let denote Ur=o^^"- 

Let B be a vector space. If u G B^ , then u G -B^" for a unique n G N U {0}, 
denoted \u\. Define -< on B^ hy u ~<v ii \u\ < \v\ and for k = \v\ — 
u{t) = 2~p Ese£>fc v{t's) for all t G D'"'. Then ^ is a strict partial order. 
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Definition. Suppose B is a separable Banach space, 1 < p < oc, and < 6 < 1. 



Let B^ be the set of all u G B^ such that 



E c{t)uit) 

t6D|„| 



< E mf 

5 \te/?|„| ^ 



for all c G R-^i"i . Let -< on B be the strict partial order -< on B^ [suitably restricted]. 

Remark. For B = L^, equation (5.2) implies that uq ^ ui ^ ■ ■ ■, and equation 
(5.3) implies that Uk € L^ for all A; G N U {0}, whence , -<j is not well-founded. 



A Characterization oi L^ ^ B 

The following proposition [B-R-S, Proposition 2.2] characterizes those spaces 
B for which L^ ^ B. Essentially, the issue is whether or not B contains a sequence 
which simulates the behavior of the sequence {itA;(i)}fe>o teD^ ™ 

Proposition 5.2. Let B be a separable Banach space and let 1 < p < oo. Then 
L^ ^ B if and only if there is aO < 6 <1 such that ^S'', is not well-founded. 

Proof. Suppose L^ ^ B. Let T : ^ S be an isomorphic imbedding with 
||T|| < 1, and let < 5 < 1 be such that 5 \\x\\^ < \\T{x)\\g < for all x e L^. Let 
T : (L^)^ ^ B'^ be defined by (ru)(i) = T{u{t)) for u G (L^)^ and t G r>|„|. Then r 
preserves order by the linearity of T. 

Let uelF^. Then for all c G R^\«\ , 



s[ E mr 



c{t)u{t) 


< 






p 





< 



E cit)u{t) 



E Ic(*)l^ 

. te-D|„i 
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Since 



-1 —5 



B 



, it follows that tu E B 



Hence t : B [suitably restricted] . 



As noted in the remark above, there is a sequence {uk} in V with uq ~< u\ < 



• • •. Since t : L —^B preserves order, tuq -< tui -< ■ ■ ■ m. B . Hence 



is not 



well-founded. 

For the converse, suppose there is a < 5 < 1 such that ^i?'^, is not well- 
founded. Then there is a sequence {vk} in B^ with vq < vi < ■ ■ ■. Let {r{k)} be the 
increasing sequence in N U {0} with r(/c) = \vk\ for all k. For {ut} as in (5.1), 
let {uk} be the subsequence of {uk} such that \uk\ = r{k) = \vk\ for all k. For 

G N U {0}, let Xk = [uk{t) : t G £'r(fc)]^p, let Bk = [vk{t) : t G -D^Cfc)]^, and let 
Tk : Xk ^ Bk he defined by 

Tk I E c{t)uk{t)] = E c{t)vkit) 

for c G M'^'-C'). Then Tk is well-defined and linear, and Ti = Tjlx^ for i < j. Since 
EteD,(,) c{t)ukit) ^ = (EteD,(,) |c(i)r) " by equation (5.3), and 

EteD,(,) c(t)i;fc(t)||^ < (EteD.(,) |c(t)r) ^ we have 



S 



■(h) 



1 



< 



E c{t)uk{t) 



< 




p 





,teD 



< 



E c{t)uk{t) 



whence < ||rfe(a;)||5 < for A; G N U {0} and x G Xk- 

Given X G Ur=o ^fc, a; G for some A; G N U {0}. Let f : Ur=o ^ U^o 
be defined by f{x) = Tk{x) for x G X^. Then (5 < f{x) < \\x\\ for all 

B 

X G UfcLo^'^fc- Since UfcLo^'^fc dense in L^, T extends to an isomorphic imbedding of 
LP into B. □ 

The Ordinal Index hp{S, ) 

The ordinal index ^(<i) serves as a model for the ordinal index hp{5, B), for which 
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the underlying set is B . The ordinal index hp{B) is then derived from the indices 
hp{S,B). 

Definition. Suppose B is a separable Banach space, 1 < p < oo, and < 6 < 1. 
Let H^{B) = b\ If a = 13 + I and H^p{B) has been defined, let 

H^{B) = |« G H^^{B) :u^v for some v G -ff^(S)}. If a is a limit ordinal and Hf^{B) 
has been defined for all l3 < a, let H^{B) = n^<„ H^^iB). 

Definition. Suppose B is a separable Banach space, 1 < p < oo, and < S < 1. 
Let hp{5, B) be the least ordinal a such that H^iB) = Hi^^{B). 

The following proposition [B-R-S, Proposition 2.3] leads to one half of the 
characterization contained in Theorem 5.5. 

Proposition 5.3. Let B be a separable Banach space. Let 1 < p < oo and 
< (5 < 1. IfL^i^B, then hp{S, B) < uji. 



Proof. Suppose L^ B. Let be a countable dense subset of B. Let B^ 
be the countable set of all u G BJ^ such that 



-5,2 



S 



E c{t)u{t) 
■5,2 



<2 E \c{t)f 



for all c G M^i"! . Let <i be the relation on B^^ ' defined by u < t; if (a) |u| < \v\ and 



(b) for k = \v\- \u\ and for 5i = 64-(^+^\ u{t) - 2"^ E^eD^ ^it's] 



< 6\u\ foi' all 



We will show that <i is well-founded and there is a relation-preserving map 
T : (^B^ , ~<) (b^^'^,<) . It will follow by Lemma 5.1 that hp{S, B) < h{<) < uji. 



First we show that < is well-founded. Suppose < is not well-founded. Let 
ui <l n2 <l • • • be an infinite o-chain in B^^ ' . We will show that there is a corresponding 
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infinite ^-chain ui -< U2 -< ■ ■ ■ in B , whence ^ B hy Proposition 5.2, contrary to 
hypothesis. It wiU foUow that <i is well-founded. 



Given i,jeN with i < j, let = \uj \ — \ui\. Fix i e N. For i < j e N and 

t e let uf{t) = E.eD^(.„) ^jif^)- Then v!f ^ Uj. For t G 



2-^ E 

A(i,3) 

2 p ^ Uj{t's) 



A(i,j + 1) 

a;e-DA(i,j+i) 



A(».i)+AO-.,- + l) . X 

2 p EE Uj+iit s r) 



sG-DA(i,j) 



A(j,j + 1) 

u jit's) — 2 p 2^ «j+i(t'sT) 

r-eDACj.j+i) 



<2-^.2^(^'^).5, 



Hence for i < j < A; G N and t G 



< E 2l-'^l-5|„„| 

oo 
oo 

CXD 

< (5 E 2"" 



Now linij^oo (^2^ = 0, so is Cauchy. Let Ui{t) = linij^oo '^j^\t)- 

Releasing z as a free variable, Ui{t) is defined for alH G N and all t G 
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Fix i,j eN with i < j. Then for t G £>|„^|, 



Ui{t) = lim ul'it) = lim 2 p Yl Ukit'x) 



fe— »oo 



fc— >oo 

lim 2" 



a;eZ)A(i,fc) 

A(i,j)+A(j,fc) 



E E Uk{t-s-r) 



= 2 f X) limfe^oo2 f 5^ Uk{t-s-r) 

= 2-^ ^ limfe^oo4'^(t-s) 

s£-DA(i,i) 

= 2 p 2^ Uj[t's). 

s£-DA(i,i) 



Hence ^ Uj. More generally, ui ^ ^2 ^ • • •• As noted previously, it follows that 
^ B, contrary to hypothesis, so < is well-founded. 



We next show that there is a relation-preserving map r : ^S^, (^B^^^'^ , <j . 

Let u G B^ . For each t G -D|„|, choose v{t) G such that \\u{t) — v{t)\\Q < e|„|, where 
= ,58-(^+i) for £eN. Let ™ = 



First we show that tu G bJ'^. Note that 2^ • = < f < 1. Thus for 

t G -D|„| and c G M^i-i , 



E c(t)^;(t) 
te£>|„| 



E c(tHi)+ E c(t)(t;(t)-n(t)) 



< 



+ E |c(i)|-e|«| 



,teD 



E |c(t)r) Vl + 2H.eH) 



<2 E 
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and 



E c{t)v{t) 



E c{t)u{t)- E c{t){u{t)-v{t)) 



> 



E 

teD|„| 



>M E KOI^ 



- E |c(i)|-e|„| 

B 

r-2i"i-6H.f E ic(t)r' 



>|f E mf]" 



-5,2 



Hence tu = v ^ 

We next show that r preserves relations. Suppose u,v & with u ^ f . Let 
k = \v\ — \u\. Then for all t G 



rn(t) — 2 p E Tt;(t's] 



u{t) -2~7 E 



+ 2 p E - 



< e|„| +0 + 2 p •2'^ -ei^i 



1 2^ \ 2 

g|«|+i + gl^l+'^+i y ^ 8l«l+i 4l"l+i ~ ~ 

Hence ru o tv and r preserves relations. As noted previously, since < is well-founded, 
it follows that hp{S,B) < h{<) < wi. □ 

The following lemma [B-R-S] provides useful information about the behavior of 
hp{S, B) as a function of 5. 

Lemma 5.4. Let B he a separable Banach space and let 1 < p < oo. Suppose 
< 5i < 62 < 1. Then H^^{B) D H^^'iB) for each ordinal a. If in addition ^ B, 
then hp{Si,B) > hp{S2,B), whence hp{S, B) is a nonincreasing function of 6. 
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Proof. Let < 5i < (52 < 1. Then H^'{B) = D B^^ = H^^{B). Suppose 
a = /3 + 1 and H^/{B) D If x € Hi^{B), then x is nonmaximal in H^^iB), so 

X is nonmaximal in Hp^{B), whence x G H^^{B). Hence H^^{B) D H^^{B). 
Suppose a is a Umit ordinal and i^J(S) D Hp{B) for ah /3 < a. Then 
H^^{B) = n^<^ (-B) D n/3<a = -?^a (5)- It follows that for each ordinal a, 

Hi^{B)DHtiB). 

Suppose B. Then by Proposition 5.2, (^B^ , is well-founded for all 

< (5 < 1, so = for 7i = /ip ((5^,5). Thus H^^l{B) D H^^l{B) = 0, so 71 > 72 

and hp{di,B) > hp{52,B). Hence hp{d,B) is a nonincreasing function of 5. □ 

The Ordinal Index hp 

Finally we define the ordinal index hp. 

Definition. Suppose B is a separable Banach space and l<p<oo. If V ^ B, 

let hp{B) = supo<5<i Zip (5, B). If ^ B, let hp{B) = coi. 

We presently show that if B, then {hp{S, B) : < 6 < 1} is bounded, 

whence hp{B) is well-defined. Note that the hypothesis IF ^ B is equivalent to 
asserting that for each < (5 < 1, there is an ordinal a such that H^{B) = 0. 

The following two results [B-R-S, Theorem 2.1] establish a countability criterion 
for hp and the monotonicity of hp. 

Theorem 5.5. Let B be a separable Banach space and let 1 < p < 00. Then 
hp{B) < ui, with hp{B) < uii if and only if IF ^ B. 

Proof. If IF ^ B, then hp{B) = cji. Henceforth suppose B. Now hp{S, B) 

is a nonincreasing function of 5 by Lemma 5.4, and hp{5, B) < ui for all < 5 < 1 by 
Proposition 5.3. Hence hp{B) = supo<;5<i hp{5, B) = sup„gpj hp B^ < uji. □ 
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Theorem 5.6. Let X and Y be separable Banach spaces and let 1 < p < oc. If 

X^Y, then hp{X) < hpiY). 

Proof. Suppose X ^Y. If Y, then hp{X) < ui = hp{Y) by Theorem 5.5. 

Henceforth suppose Y, whence X. Then by Proposition 5.2, (y'^ , is 

well-founded for each < 7 < 1. 

Let T : X — > y be an isomorphic imbedding with ||r|| < 1, and let < ry < 1 be 
such that for each x E X, rj \\x\\-^ < ||r(x)||y < ||a;||j^. Let r : X^ Y"^ be defined by 
{Tu){t) = T{u{t)) for u G and i G L>|„|. Then r preserves order by the linearity of 
T. 



Fix < (5 < 1 and let u G X . Then for all c G M^i"i , 



\teD|„| 



< r] 


E <t)u{t) 


< 


T 


^ E c{t)u{t)] 


< 


E c{t)u{t) 






X 






Y 





X 



<[ E \c{tr 



Since 



E 



c(i)(™)(t) 



c{t)u{t) 



it follows that tu E Y . 



Y 



Hence r : X^ — > Y^^ [suitably restricted]. Since r preserves order and (y^^,^^ is 
well-founded, hp{S,X) < hp{r)S,Y) by Lemma 5.1. Releasing (5 as a free variable, 
hp{X) = supo<5<i < supo<5<i /ip(77(5,y) = supo<^<^ /ip(7, = /ip(l"), since 
/ip(7, y) is a nonincreasing function of 7 by Lemma 5.4. □ 
Remark. It follows that hp{ ) is an isomorphic invariant. 

The Disjoint and Independent Sum Constructions 



Let be a probability space, let (O^,//^) be the corresponding product 

space, and let ({0, 1} , m) be the probability space with m(0) = | = m(l). Suppose 
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1 < p < oo, and let B and Bi,B2,... be closed subspaces of L^{Q). 

Given 6o) £ B, let b{co, e) be the element of x {0, 1}) such that 
b{u;,0) = 2pbo{Lo) and b{uj, 1) = 2p6i(a;) for all a; G Let bo 6i denote the element 
b{u, e) of L^(0 X {0, 1}) corresponding to 6o) G B. 

Definition. Let 1 < p < oo and let B be a closed subspace of L^{Q,). Define the 
-disjoint sum (B © B)^ to be any space of random variables distributionally 
isomorphic to the subspace B of L^{Cl x {0, 1}) defined by 

B = {b{u, e) G LP{n x {0, 1}) : b{u, e) = 6o © h for some bo, bi e B} . 

Note that 1q © In = 2^ • lnx{o,i}' ^i'^^ e) = bo®bi, then 

\\bo®b,\\l = \\b{co,e)\\%= [ \b{u,e)\^ 

= [ \b{u,e)f+[ \b{u:,e)f 

= \l 2\bo{u)r + \ [ 2\b,{u)\^ 

= ll?'o||^ + ||6i||^. 
Hence for beB, \\b © 0\\^ = \\b\\s = ||0 © 

Given i G N and bi E Bi, let 6j be the element of (Q^) such that 

bi{uJi,L02, ■■■) = bi{ui) for all uji,lo2, ... eCl. 

Definition. Let 1 < p < oo and let Bi,B2,... be closed subspaces of L^(ri). For 
each i eN, let 

Bi = ^be L^ (a^) ■.b = bi for some h G 5^} . 
Define the L^ -independent sum bA to be any space of random variables 

V / Ind,p 

distributionally isomorphic to 5j : i G N 

Finally, the spaces for < a < wi are defined as disjoint or independent 
sums, depending on whether a is a successor or limit ordinal, respectively. 
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Definition. Let 1 < p < oo. Let Rq = [Ij^p. Suppose < a < coi. Ifa = /3 + l 

and has been defined, let R^ = (^R^ © R^^ . If a is a limit ordinal and R^ has 
been defined for all (3 < a, let Rp = (ELa K) 

\ ^ ^/ Ind,p 

Remark 1. It is shown in [B-R-S, Proposition 2.8] that for 1 < p < oo and 
a < uji, has an unconditional basis. 

Remark 2. Technically, i?^ = i^^.^a^^pi) enumeration {(5i) of the 

ordinals less than a, but it is clear that the definition of i?g does not depend on the 
order. 

The following two results serve as lemmas for the subsequent theorem [B-R-S, 
Proposition 2.7], which distinguishes i?^ from L^ isomorphically. Proposition 5.7 is 
a corollary of [J-M-S-T, Theorem 9.1]. Proposition 5.8 is [B-R-S, Theorem 1.1]. 

Proposition 5.7. Let 1 < p < oo. Suppose X is a closed subspace of L^ such 
that LP X. Then L^ A X. 

Proof. Let F be a closed subspace of X such that ~ y C L^. By [J-M-S-T, 
Theorem 9.1], choose a closed subspace ZofY such that L^ Z where Z is 
complemented in L^ . Let P be a projection from IT onto Z. Since P{Z^ = Z and 
Z d X <Z LP , the restriction of P to X is a projection from X onto Z. Hence 
LP ^Z'^X. □ 

Proposition 5.8. Let 1 < p < oo. Let X be a Banach space with an 
unconditional Schauder decomposition {Xi} such that LP '—^ X. Then either LP '—^ Xi 
for some i, or there is a block basic sequence with respect to {Xi} equivalent to the 
Haar basis of LP , with closed linear span complemented in X. 

The proof of Proposition 5.8 consumes [B-R-S, Section 1], and will not be 
presented here. 
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Theorem 5.9. Let 1 < p < oo where p and let a < ui. Then Rp,. 
Proof. Clearly ^ [1]^p = R^. 

Suppose a = P + 1 and R^. Suppose for the moment that ^ Then 

"-^ RP^ C for some i?g distributionally isomorphic to Hence ^ R^ by 
Proposition 5.7. Now R^ = [r^ Rf^ , so ^ (^R^ i?^) , whence A R^ by 
Proposition 5.8, contrary to the inductive hypothesis. Hence y^ R^. 

Suppose a is a limit ordinal and LF ^ i?^ for all P < a. Suppose for the moment 
that V ^ R^. Then V '—^ as above. Let {Aj^o enumeration of the 

ordinals less than a, with (3o = 0. Let Xq = R^^ = Rq = [1]^p, and for z > I, let 
Xi = (^-^/3 J 5 the space of mean zero functions in R^^. Now A (E^®>o^^) 

since i?g = (e i?^) ^ ^ = (Ef>o ^0 T . ' ^ ' ^ °- 

Xi = |x G ([0, l]'^) : X = Xi for some G Xj}, with notation as in the definition of 
(E* -^0 • Then by Proposition 5.8, there is a block basic sequence {zj}j>o ^^^^ 
respect to [with at most zq not mean zero] equivalent to the Haar basis of 

L^. Hence ^ [zi : i > 0]^pqq ^n-^ ~ [zi ■ i > 1]lp([o Since {2i}j>i is a sequence 
of independent mean zero random variables in ([0, 1]*^), [zi : i > l]ii'([o i]N) ^ 
[by Corollary 2.3, Proposition 2.1, Theorem 2.12, and part (b) of Proposition 2.24 for 
2 < p < oo, and by [RII, Corollary 4.3] for 1 < p < 2]. 

Hence ^ Xp, directly contrary to part (g) of Proposition 2.24 for 2 < p < oo, 
and indirectly contrary to the same result for 1 < p < 2 as we presently show. Thus it 
will follow that ^ Rp. 

Suppose ^ for 1 < s < 2, and let r be the conjugate index of s. Then 

c c 

L* ^ Xg C L^, whence ^ Xg by Proposition 5.7. Hence ^ X^, contrary to 
part (g) of Proposition 2.24. □ 



141 

Remark. As shown in [B-R-S], Theorem 5.9 is true for p = 1 as well, but the 
proof is not identical. 

The Interaction of the Constructions and the Ordinal Index 

The disjoint and independent sum constructions are designed to force the ordinal 
index hp{RP.) to increase [not necessarily strictly, but in the sense that the set 
{hp : a < uoi} has no maximum]. The first results in this direction are the 
following proposition [B-R-S, Lemma 2.5] and corollary [B-R-S]. 

Proposition 5.10. Let I < p < oo, < 6 < 1, and a < lji. Suppose B is a 
closed subspace of LF . Then for each e G H^{B), there is some e G i^^+i {B © B)^. 

Proof. Suppose e = xq e B^° . Let re = (xq © 0, © xq) G (-B © B)^^ . Then 
re(0) = xo © G (5 © 5)p and re(l) = © G (5 © B)^. Let 

_ ©Xq 

e= i . (5.4) 

Then e G (5 © 5)^ ° and e = 2~p (re(0) + re(l)). Hence e ^ re. 

Let A; G N and suppose e = {xq, . . . ,X2fc_i) G B^'' . Then e{t) E B for t E Df,. 
Let re = (xq © 0, . . . jXa^-i ©0,0 ©xq, . . . ,0 ©Xa^-i) G (-B © B)^''+\ Then for 
i G £>fc, re(O-t) = e(t) © G {B®B)^ and re(lt) = © e(i) G {B®B)p. Let 

e-=f^n^©0,..., "^^-^ + "^^-^ ©0,0©i^,...,0© "^^-^ + "^^-0 . 
\ 2p 2p 2p 2p / 

Then e G © B)^" and e(t) = 2"p (re(t-O) + re(t-l)) for t G £>fc. Hence e re. 

We will show that if e G H^{B), then re G H^{B ® B)^. Since e ^ re, it will 
follow that e is a nonmaximal element of i?^ {B © B)^, so e G i^^+i (-B © S)^. 

First we show that r preserves order. Suppose e -< d. Without loss of generality 

suppose \d\ - |e| = 1. Then for t G £>|e|, e(i) = 2~p{d{fQi) + d{fl)). Thus for t G ^le] 

re(O-t) = e{t) © = (^(^'0) 0) + (^(^"1) ® ») = rd(O-rO) + rd(0-r 1) 

2p 2p 
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and 



re(l-i) = 0©e(t) 



(0©d(t-0)) + (Oed(i-l)) Td{l-fO)+Td{l-fl) 



Hence for s = (O't) or s = (I'i), Te(s) = 2~p (r(i(s'0) + r(i(s'l)), so re -< rd 

and r preserves order. 

We now show by induction on a that if e e H^{B), then re G i/;^ (5 © 5) 
Suppose a = and let e G H^{B) = . Then for k = \e\ and c G R-^^+S 



^ c{b-t)Te{b-t) 

teDk 
be{o,i} 



E c(0-t)re(0-i) + E c(ri)re(ri) 
,teDk I \teDk , 



E c(0-t)(e(i)©0) + E c(lt)(0©e(t)) 



E c(Ot)e(t) 



E c{0-t)e{t) 
teDk 



+ 



E c{l-t)e{t) 



E c(l-i)e(t) 



1 



~ E ic(ot)r+ E Hi-tr 

^ teDk teDk 



E \c{h-tr- 

teDk 
6e{o,i} 



Hence re G (S © 5)p =H^{B(BB)p. 

Suppose a = (3 + 1, where if d G H^^{B), then rd e Hfi{B® B)^. Let e G -^^^(-B). 
Then e G H^p{B), there is some d G -ff^(-B) such that e -< d, and rd & H^p{B® B)^. 
Since r preserves order, re ^ rd. Thus re is a nonmaximal element of iJ^ (5 © S)^, 
whence re G -ff^ (fi © fi)^. 

Suppose a is a limit ordinal, where for each /? < a, if d G H^{B), then 
rd eHl{B® B)p. Let e G if;^(-B). Then e G for all (3 < a, and 



re eH^p{B® B)^ for all /3 < a, whence re eH^{B® B)^ 
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Hence if e G H^{B), then re G {B © B)^. Now as previously noted, 
if e G Hi{B), then e ^ re G i/^ (5 © 5)^, so e G H^^^ [B © 5)^. □ 

Corollary 5.11. Let 1 < p < oo and a < oj\. Suppose B is a closed subspace of 
LF such that B. If hp{B) > a, then hp {B®B)^>a + 1. 

Proof. Suppose /ip (5) > a. Then hp{6, B) > o; for some < 6 < 1. Thus 
H^{B) 7^ 0, so H^^i {B ®B)^^% by Proposition 5.10. Hence 
hp {b, (B © > a + 1, so hp {B®B)p> a + 1. □ 

Remark. It follows that if hp{B) is a successor ordinal, then 
hp{B) < hp{B ® while if hp{B) is a limit ordinal, then hp{B) < hp{B® B)^. 
Thus this result is not sufficient to force hp (i^g) to increase. 

For each ordinal a < wi, we define a probability space fi„. Let fio = [0, !]• If 
a = (5 + 1 and has been defined, let fi^ = x {0, 1}. If a is a limit ordinal and 
has been defined for all (3 < a, let J7„ = n/3<a ^0- 

The following theorem [B-R-S, Theorem 2.6] leads almost immediately to the 
subsequent corollary [B-R-S, Theorem B(2)], which is the key to forcing hp to 
increase in the sense mentioned previously. 

Theorem 5.12. Let 1 < p < oo and a < Ui. Then In^ G (Rp). 

Proof. First we show that G Clearly In^ G [1]^p = Rq. Suppose 

a = /3 + 1 and In^ G i?^. Then la„ = 2-p{la^ © In^) e [r^^ i?^) = R^. Suppose 
a is a limit ordinal and In^ G R^ for all (3 < a. Fix /3 < a, so In^ G i?^. Now i?^ is 
distributionally isomorphic to some closed subspace RF^ of i?^ . Let T : R^ — > R^ C R^ 
be the distributional isomorphism. Then T{lQg) = e R^ C R^. Hence G R^. 

We now show that 1^^^ G {Rl). Clearly l^^^ G [iJIp = Hi ([1]^p) = Hi (R^). 
Suppose a = /? + 1 and In^ G H^ (r^^) . Then Iq^ g -R^, so Iq^ = 2"p (In^ © In^,) for 
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In^ as in equation (5.4). Hence by Proposition 5.10, ln„ = 2~p [Iq^ © Iq^) = 1^^ e 
Hi {b?i^ © R^^ = Hi (RP). Suppose a is a limit ordinal and In^ G H^ (^i?^) for all 
p <a. Fix /? < a, so Iq^ G H^ (r^^ . Let T : R^ ^ R^ C Rp be as above. Let 
r : (^^)^ ^ {Kf be defined by = T{u{t)) for « G (^^)^ and t G D^^i. 

Since T is an isometry, r maps i?^ into Ra ■ Hence t : R^ Ra [suitably 
restricted]. Since Iq^ G (i?^ j , rln^ = T{lfi^) = 1^^. Since T is linear, r preserves 
order. Thus by Lemma 5.1, r (^H} (ii!^)) C i?^ (i^g). Hence In^ = rln^ G H^ (Rp). 
Now ln„ G H^p {RPJ for all /3 < a. Hence ln„ G n/3<a (K) = K {RpJ. □ 

Corollary 5.13. Let 1 < p < oo where p ^ 2, and let a <uj\. Then 
hp {RPJ >a + l. 

Proof. By Theorem 5.9, Rp„, and i?^ 7^ by Theorem 5.12. Thus 

hp (1, RP) > a, whence /ip (Rp) > hp (1, i?P ) > a + 1. □ 

We collect our main results concerning the ordinal index hp, the spaces RP^, and 
their interaction. The proof of the subsequent theorem [B-R-S, Theorem A] will make 
implicit use of these results. 

Proposition 5.14. Let 1 < p < 00 where p 7^ 2. Let B, X, and Y be separable 
Banach spaces. Let a,P < uoi. Then 

(a) LP ^ B if and only if hp{B) < loi, 

(b) ifX ^ Y, then hp{X) < hpiY), 

(c) LP ^ RP,, 

(d) if a < /3, then Rp A RP^, 

(e) hp (RP) < LOi, and 

(f) hp{RPj>a + l. 

Proof. Parts (a), (b), (c), and (f) are restatements of Theorem 5.5, Theorem 5.6, 
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Theorem 5.9, and Corollary 5.13, respectively. Part (d) is clear from definitions. Part 

(e) is clear from parts (c) and (a). □ 

Theorem 5.15. Let 1 < p < oo where p ^ 2. There is a strictly increasing 
function r : — > wi such that for 7, (5 < wi, 

(a) if 7 < 5, then R^^^^ ^ R^^^^ but R^^^^ ^ R^^^y and 

(b) ifY is a separable Banach space such that ^ Y for all a < uji, 
then V ^Y. 

Proof. Let r(0) = u) < u)i [so -R^(o) infinite-dimensional]. If r(/3) has been 
defined with r(/?) < a;i, let r(/3 + l) = hp (-R^(^)) < t^i- Then 

hp > t(/?+1) + 1 > r(/?+l) = hp (^^(^))- More generally, if < a < wi and 

r(/?) has been defined with r(/?) < uoi for all (3 < a, let T{a) = sup^^^, hp ^i?^^^^^ < wi 
[each hp < oji and {P : P < a} is countable]. Then 

hp (^r(a)) ^ ^(«) + 1 > ^(«) = SUP;3<a K SO /ip > hp for 

all P < a. Thus -^t(/3) /? < a, so r(a) > r(/?) for all P < a, and r is 

strictly increasing. 

(a) Suppose 7 < (5 < wi. Then r(7) < t{5) and i?^^^) i?^^^), but i?^^^) i?^^^) 
as shown above. 

(b) Let y be a separable Banach space such that ^ Y for all a < ui. Then 
a < r(a) + 1 < hp < ^p(y) < for all a < a;i. Thus hp{Y) = uji, 
whence "-^ Y. 

□ 

Remark. Let 1 < p < 00 where p 7^ 2. We will show that R^ ^ for all 
a < LOi. Thus part (a) will yield uncountably many isomorphically distinct Cp spaces 
[at most one Rp ~ i^]. By [J-M-S-T, Corollary 9.2], if y A L^, then Y ~ L^. 
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Thus part (b) will imply that there is no separable Cp space Y , other than V itself, 
such that y for all a < uji. 

The Complementation of in 

This section is devoted to the proof that i?^ ^ for 1 < p < cxd and a < ui. 
We proceed by showing that ~ Zj,^ ^ Z'^ ~ LF for spaces Zj,^ and Z'^ to be 
defined. The major components of the proof are Theorem 5.22, Proposition 5.25, and 
Proposition 5.26. 

Preliminaries 

Let T be a countable set, and let {0, 1} be the standard product space. 

We say that a measurable function / on {0, 1} depends on £^ C T if /(x) = f{y) 
for all x,y E {0, 1}^ such that x\e = y\E- We say that a measurable set S C {0, 1}^ 
depends on C T if the indicator function depends on E. Thus S C {0, 1} 

TT 

depends on C T if ls{x) = ls{y) for all x,y e {0, 1} such that x\e = y\E- 

It is easy to check that given E C T, the set A of all measurable S C {0, 1} 
which depend on is a cr-algebra, which we call the cr-algebra corresponding to E. 
Given E CT, let Ae be the a-algebra corresponding to E. It is easy to check that 

(a) a Ac B C T, then Aa C Ab, and 

(b) iiA,Bc T, then Aahb = n Ab- 

Let / be a measurable function on {0, 1}^ and let E cT. It is easy to check that 

(c) / is ^B-measurable if and only if / depends on E. 

Let {^,M,fi) be a probability space. Given a sub cr-algebra A of M, let 6^ be 
the conditional expectation operator with respect to A. 

Let ^ be a sub cr-algebra of M. Then for each integrable function / on J7, 
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(a) £^f is ^-measurable, and 

(b) J,SAf = JsfiovallSeA. 

Moreover, £^f is essentially defined by these two conditions. 

Let A and B be sub a-algebras of A4, let f and g be integrable functions on Q, 
and let 1 < p < oo. Conditional expectation has the following properties ([Ch], [Db], 
and [Stn]): 

(c) if / is ^-measurable, then S^f = f, 

(d) SaSaI = £Af, 

(e) if / G L^i^), then S^f & L^i^), with < ||/||^, 

(f) if f,g G L^{n), then J gS^f = J f£A9, 

(g) if / G L2(J^), then f = SaI + f , where /' G ^^(O) such that J f'h = for all 
v4-measurable h G i^^(fi), 

(h) if ^ C B, then Sa/ = Ssf if and only if Ssf is v4-measurable, and 

(i) if ^ C then EaSbJ = SaI = SbSaI- 

Suppose £a and commute. Then Sa^bJ ■, which is equal to SbSaI ^ is in turn A- 
measurable and i3-measurable, whence A n ;B-measurable. Now F = EaJ is integrable 
onO., Af\B d B, and £bF = SbSaI is .4 fl B-measurable. Thus 
^ADBf = SahbSaI = SahbF = £bF = SbSaJ- Hence 
(j) if £a£b = £b£a, then Ea^b = ^AnB = ^B^A- 

Let ^{0, 1}^ , M., fJ^ be the standard product space. Let A and B be subsets of 
N, with corresponding a-algebras A and B, respectively. Let / be an integrable 
function on {0, l}'^. Consider / as a function of t = {ti,t2, ■ ■ ■) where ti G {0, 1}. Then 
SaJ is given by integration with respect to those ti such that i G N \ vl. Hence 
(a) Sa^bJ = SbSaJ, and 
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(b) Sa^bI = ^Ansf = SbSaI- 



The Isomorphism of and 



Let {An} be a sequence of sets. We say that {An} is monotonic if it is either 
nondecreasing or nonincreasing, and {An} is compatible if there is a permutation r 
such that is monotonic. 

The fohowing resuh [Stn, Theorem 8] substitutes for [B-R-S, Lemma 3.2]. We 
do not present the proof, but apply the result in the proof of the subsequent corollary, 
which substitutes for [B-R-S, Lemma 3.3]. This alternative approach was suggested in 
a remark of [B-R-S]. 

Proposition 5.16. Let 1 < p < oo, let (fi, A4,/i) be a probability space, and 
let {fn} be a sequence of integrable functions on CI. Suppose {An} is a compatible 
sequence of sub a -algebras of A4. Then there is a constant Ap, depending only on p, 
such that 



<Ap 



El/n 



Corollary 5.17. Let 1 < p < oo, let {Cl,M.,iJ,) be a probability space, let 
{fn} be a sequence of integrable functions on and let {Bn} be a sequence of sub 
a-algebras of M. Suppose {jCn}, {T^n}, and {%i} are sequences of sub a-algebras 
of M. such that 

(a) each of {jCn}, {T^n}, and {%,} is compatible, 

(b) for each n, Sc„, £n„, and £^r„ commute, and 

(c) for each n, Bn = £-n^ T^n H 



Then for Ap as above. 



< At 



El/n 
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Proof. By part (c), £i3„ = £c„nn„nT„- By part (b), Sc^mz^nT^ = 

^^71 ' 

Thus £b^ = Sc„£-R,„^T„- Hence by Proposition 5.16 (applied three times), we have 



<4 


(El/„lf 







□ 



Let n G N. Then n has a unique expression as n = 2*^ + r for A; G N U {0} and 
< r < 2^^. For = 2^ + r as above, let A(n) = k. 

Let D'q = {1}. For A; G N, let D'^ = {to ■ ■ -tk : tQ = l and U G {0, 1} for 1 < i < A;}. 
Let 2?' = Ur=o^fc- 

Now V has a natural strict partial order -< defined by sq ■ ■ ■ Sfc^ -< to - ■ ■ tk^ if 
ki < k2 and Sj = ti for all < i < fei. 

Let 7 : (N, <) {V, -<) be defined by j{n) = to ■ ■ - tk e D'^ iov k = A(n), where 
to - ■ - tk is the binary expansion of n. Then 7 is a bijection, and 7"-^ preserves order. 
Let -<; be the strict partial order on N induced by -< via j [m -< n li'm) -< 

Then < extends -k. 

The following application of Corollary 5.17 substitutes for [B-R-S, Scholium 3.4]. 
The result serves as a lemma for Theorem 5.22. 

Proposition 5.18. Let 1 < p < 00, let ^{0, l}'^ , A^,//^ be the standard product 
space, and let {/«} be a sequence of integrable functions on {0, 1}^. Given n G N, let 
Bn = {m G N : m ^ n}, and let Bn be the corresponding sub a-algebra of M. Then 

for Ap as above and N G'N, 



N 



n=l 



< At 



N 



E \fn 



71=1 



Proof. Given A; G N U {0}, let = {m G N : A(m) = A;}, and let 
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T[k] = {meN : A(m) < k}. Given n G N, let A(n) = {m G N : A(m) = A(n)}, and let 

Tn = {m eN : m <n} , 
Bfi = {fn G N : m n} 
as above, which is the branch of (r„, ^) generated by n, 

Ln = {m G N : m n' for some n' G A(n) with n' < n} , 
the union of the branches B^' for n' G A(n) with n' < n, and 

= (m G N : TO ^ ri' for some n' G A(n) with n' > ra} , 

the union of the branches -B„' for n' G A(n) with n' > n. 

Fix if G N U {0}. For each n G T^k], choose N{n) G A^^ such that n :< N{n). 
Then given n G ^j;^], -BAr(n) is an extension of i3„ to a branch of T^;^], and 

Note that {Ln}n^Ak'> {-^JvIjvsAk' ^^"^ {-^"ineTi^] each, monotonic. Hence 
{^A^(n)}neT[^]' {^Af(n)}neT[^]' {Tnl^e^^j are each compatible. 

For n G let 5„, £„, 7^„, and 7^ be the cr-algebras corresponding to B^, 

Ln, Rn, and r„, respectively. Then {-CiYwI^g^i^j , ''^^W J'neT[K] ' ^^'^ {"^ineTi^] are 
each compatible. Moreover, for n G T[if], B„ = £Ar(„) n7^Jv(„) n T;^, and Sc^^-n)^ ^T^N^-n)^ 
and £^r commute. 

Hence for iV = 2^+^ - 1 G r[K] and /i, . . . , /jv integrable on {0, 1}^, 



— p 

p 



by Corollary 5.17. Releasing 



p 



if G N U {0} as a free variable, we have the same result for arbitrary G N. □ 

The following square function inequality [Burk, Theorem 9] is quoted in [B-R-S, 
Scholium 3.5]. We do not present the proof, but apply the result in the proof of 
Theorem 5.22. 
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< 


ll9n 


<Kp 






p 


n 


p 





Proposition 5.19. Let 1 < p < oo, let {n,M,fi) be a probability space, and let 
{%i}^=o be a nondecreasing sequence of sub a-algebras of A4. Suppose {gn}^=o is a 
sequence in L^(f2) such that Qn is %i-ineasurable for all n E NU {0} and £Tr,-i9n = 
for aJi n G N. Then there is a constant Kp, depending only on p, such that 

For n G N, let r„, B„, and 7^ be as above. Then for n G N, r„ is the subtree 
{1, . . . , n} of (N, Bn is the branch of r„ generated by n, and %, and Bn are the a- 
algebras corresponding to r„ and 5„, respectively. Let Tq = = and let % and Bq 
be the trivial algebras. Let 

= [/ : / is ;B„-measurable for some n G Nj^p^^g -^-j^n^ 

= [/ : / is measurable and depends on Bn for some n G NJ^^p^^q ^y^y 
Let Aq = To = I constant functions on {0, 1}^|. For n G N, let 

= |/ on {0, 1}^ : / is 7^-measurable and £^r„_i/ = o| 



and 



Tn = {/ G '■ f is B„-measurable} . 



Suppose / is measurable and n G N. Then (^Sr^ — fr„_i) / is T^-measurable, and 
£r„., {£r^ - J / = £r„.J - Sr^.J = 0, whence {£r„ - £r„_,) f G A„. Note that 
if / G A„, then / = {£r„ - £r„_,) /. Hence for n G N, 

A„ = I (£"r„ - £t^-^) / : / on {0, 1}^ is measurablej . 

The following lemmas for Theorem 5.22 have been extracted from the proof of 
[B-R-S, Theorem 3.1]. 
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Lemma 5.20. Let 1 < p < oo, and let and r„ be as above. Then 

= i^n ■ n > 0] LP [{0,1}^^)- 

Proof. Note that r„ C forn G N U {0}, whence [r„ : n > 0]^p(^|g -^^n^ C Z^. 
We now show that Z^ C [Fn : n > Oj^^p^^p ^^n^, whence Z^ = [r„ : n > OJ^^p^^q -^-j^n^. 

Let n G N and let / be 5„-measurable. Now S„ C T„, so B„ C 7^, whence 
/ is 7^-measurable and £T„f = /• Moreover, Stq/ is 7o-™easurable, whence Sq-of is 
constant, and / Srgf = J f, whence Stq/ = J = J f- Thus 

n 

f = If-£Tof + £rJ = Jf+E - f. 

Let 1 < i < n. Then (^£r^ — STi^^) f € Aj. We now show that (fr^ — ^ri_i) / is 
Bj-measurable, whence it will follow that (f^Ti — ^Tt-i) f € Lj. 
Note that / = £B„f i whence 

{£Ti - ^r,_i) / = {£Ti - £ri_i) £B„f = £ri£B„f - £ri_^£B^f = ^Tine,/ - £r,.^nB„f- 
Suppose first that i B^- Then Tj n = n so 7^ fl = 7^_i fl Bn, whence 

{£% - £Ti-i) f = £Tir\Br,f ~ ^Ti_ini3„/ = 0, 

which is Bj-measurable. Next suppose that i E Bn- Then T^HBn = Bi, so TiCiBn = Bi, 
and Tj_i n 5„ C -Bj, so 7^_i n i3„ C Sj, whence 

- ^Ti-i) / = £rinB„f - = - £B'.f 

for some B[ <Z B^. Now is Sj-measurable, and £b' f is ;B^-measurable, whence 
Bj-measurable. Thus (^Ti — ^ri_i) / is ^Bj-measurable [now in both cases]. As noted 
above, it follows that {£ri — £ri-^) f ^Fi. 
We now have 

/ = / / + E (^r, - ^r._ J / e [r, : < i < ny^^,^,^,y 
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Thus / G [r„ : n > 0]^P|^|p -^y>,y It follows that C [r„ : n > 0]^p|-|q -^yny whence 

Lemma 5.21. Let 2 < p < oo, and let Aj be as above. Then {Ajj^^g is an 
unconditional Schauder decomposition of ^{0, 1}^^ . 

Proof. Suppose f,g € ({0, 1}"^), and let i € N. If / G A^ and 5 € A^ for 
i < j eN, then Erj-^g = and / is 7^- _i -measurable, so 

Ifg = If{9-£r,.,9)=Jfg-Jf£r,.,9 = Jfg-j9£r,.J = Jfg-Jgf = 0, 

whence / and g are orthogonal. If / G Aj and g G Ag, then g is constant, and 
If = l£%.J, hut Sr,_ J = 0, so 

Ifg = gIf = gl£%.J = o, 

whence / and g are orthogonal. Hence {Aj}^>Q is orthogonal. 

Suppose / G L2 (^{0, 1}"^) . Let /o = £tJ e Aq, and for i G N, let 
fi = {£r, - £t,_,) f G A,. Then for n G N, 

n n 

E /^ = £rof + E (^r, - £%.,) f = £tJ. 

i=0 i=l 

Note that ({0, if) C (^{0, 1}^) . If / G L^' ({0, 1}^) , then 
lim„^oo 11/ - £r„f\\p = 0, whence / = E^o fi ({0' 1}^) • ^he orthogonality 

of {Ai}j>Q, the representation / = Ei^o A' ^^^^ fl G is unique. By Proposition 
5.19, the convergence is unconditional. Hence {Aj}^>Q is an unconditional Schauder 
decomposition of ^{0, 1}'**) . □ 

Remark. The above result can be viewed as a consequence of the 
unconditionality of the Haar system. 

We are now prepared to prove the following theorem [B-R-S, Theorem 3.1], 
which is a major component of the proof that i2g '—^L^. 
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Theorem 5.22. Let 1 < p < oo, and let be as above. Then 
Z^AL-({0,lf). 

Proof. First suppose 2 < p < oo, whence ({0, l}"^) C ({0, 1}"^) . Fix 
z G N U {0}. Let / e and let g = 8b J ■ If i = 0, then F^ = A^, %/ = /, and % |a, 
is the identity mapping. Suppose z G N. Then g is ;Bj-measurable. Now Bi C Ti, so 
Bi C %, whence g is T^-measurable. Moreover, £Ti-i_g = ^Ti^^^Bif = SBi^Ti^if = 0. 
Thus 5 is a Bj-measurable element of Aj, whence g G Fj. If / G Fj, then Ss^f = f- 
Hence for i G N U {0}, Ia^ is the orthogonal projection of Aj onto Fj. 

By Lemma 5.21, {Aj}^>Q is an unconditional Schauder decomposition of 
L2 (^{0, 1}^). For / G L2 (^{0, 1}^), let {fi} be the unique sequence with fi G Aj such 
that / = J2'^^ fi. Let tt : (^{0, if^ (^{0, if^ be defined by 

OO 

71"/ = E ^Bifi- 
i=Q 

Then tt is the orthogonal projection of ^{0, l}'^^ onto [Fj : i > 0]j^2|-|o where 
[Ti : i> 0]^2^^o,i}'') ~ -^N t>y Lemma 5.20. 

Let P be the restriction of tt to ({0, 1}^) , let / G (^{0, 1}^) , and let {/J 
be as above. Then by Proposition 5.19, Proposition 5.18, and Proposition 5.19 again, 
for n G N we have 



n 




1 








n 


E ^Bi fi 




(tjSBM'Y 










i=0 


p 




p 




P 


i=0 



where the constants Kp and Ap are as in the cited propositions. Hence 
||P/||p < K^Al ll/llp, and P : ({0, 1}") ^ L^' ({0, 1}'') is bounded. Of course 
P is a projection, and P maps ^{0, 1}^^ onto [Fj : i > 0]^p^^q where 
[Fj : z > 0]^p^^Q ^|N^ = Z^ by Lemma 5.20. 

For 2 < p < oo with conjugate index q, the adjoint of P induces a bounded 
projection of ^{0, 1}^^ onto Z^. □ 
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Remark. While ^ LF is our major concern, in fact ~ L^. 

The Complementation of i?g in 

Recall that a tree (T, -<) is a CFRE tree if T is finite or countable, and for each 
X e T, {y eT -.y <x} is finite. Let (T, -<) be a CFRE tree. For t G T, let Bt be the 
finite branch of T generated by t. For 1 < p < oo, let 

Zj, = [f:fis measurable and depends on Bt for some t G T]j^p^^q i}'^)" 

The space Zj, is similar to the previously defined space Z^. 

Let 5" be a nonempty subset of N. Then (S, -<) is a CFRE tree, where is the 
previously introduced partial order on N [suitably restricted] . The finite branches of S 
are precisely those sets of the form B^ D 5 for n G 5, where i?„ is the finite branch of 
(N, -<;) generated by n. For 1 < p < oo, ^{0, 1}'^^ is isomorphic to the subspace of 
^{0, l}"^^ consisting of those functions which depend on S, and Zg is isomorphic to 
the space 

Zg = [f:fis measurable and depends on S„ n S for some n G S]j^p^^q 

The following lemmas [B-R-S, Lemmas 3.6 and 3.7] lead to the subsequent 
proposition [B-R-S, Theorem 3.8], which is a component of the proof that ^ L^. 

Lemma 5.23. Let 1 < p < oo and let $ ^ S C N. Then Z^ ^ Z^. 

Proof. Let <S be the a-algebra corresponding to S, and let P : Z^ ^ Z^ he 
defined by P/ = Ssf. Note that Z^ C If / G Z^ depends on then Pf 
depends on i?„ fl S, which is either the empty set or a finite branch of S of the form 
Bm n S for some m E S, whence P maps Z^ into Z^. Now Pf = f for f E Zg. Hence 



156 



P maps onto Z% and = P. Finally, \\Pf\\^ = \\£sf\\p < \\f\\p, whence ||P|| = 1. 
Hence ^ Z^. □ 



For n G N, let = {h ■ ■ -tn : U e N for all 1 < i < n}. Let J\f = U^=i A^n, and 
define a strict partial order -< on J\f hy si ■■■ Sn -< ti ■ ■ ■ tm n < m and Sj = ij for all 
1 < i < n. 

Lemma 5.24. Let {T, -<) he a CFRE tree. Then (T, ~<) is order-isomorphic to a 
subset of (N, -k). 

Proof. Clearly T is order-isomorphic to a subset of Af. We will show that J\f is 
order-isomorphic to a subset of V . The result will then follow upon noting that V is 
order-isomorphic to N endowed with -<;. 

We describe a subset <S of V such that J\f is order-isomorphic to S. Given 
t e V, let S(t) = -1, t -01, i -001, . . .}. Then S{t) is a countable set of distinct and 
mutually incomparable successors of t. Moreover, if s and t are distinct and 
incomparable elements of P', then S{s) and S{t) are disjoint, and the elements of 
S{s) U S{t) are mutually incomparable elements of V . For A C !>', let 
S{A) = U„e^ S{a). Finally, let S = S{1) U S{S{1)) U • • •. Then N is order-isomorphic 
to <S C P', and the result follows as noted above. □ 

Proposition 5.25. Let 1 < p < oo and let T he a CFRE tree. Then Z^ A Z^. 

Proof. If trees T and T' are order-isomorphic, then Z^ ~ Z^, . Thus by Lemma 
5.24, we may choose T' C N such that Z^ ~ Z^,. Now Z^, A by Lemma 5.23. 
Hence Z^ ^ Z^. □ 

Remark. By Proposition 5.25 and Theorem 5.22, for 1 < p < oo and T a CFRE 




The following proposition [B-R-S, Lemma 3.9] is the final component of the 
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proof that RP^L^. 

Proposition 5.26. Let 1 < p < oc and a < uji. Then there is a well-founded 
CFRE tree such that is distributionally isomorphic to Z^^ . 

Proof. Clearly Rq = [1]j^p is distributionally isomorphic to Z^^ where Tq = 0. 
Moreover, R^ = {Rq © Ro)p is distributionally isomorphic to Z^^ where Ti = {1}. 

Suppose a = P + 1 > 1, where R^ is distributionally isomorphic to Z^^ for 
some well-founded CFRE tree (T^, ^/j). Without loss of generality, suppose R^ — ' 
Choose 9 ^ T^. Let T„ = U {9}, and let extend by declaring 9 -<a foi^ all 
r e Tp. Then (Tq,, -<a) is a well-founded CFRE tree. For the case a = /3 -|- 1 > 1, it 
remains to show that i?g is distributionally isomorphic to Z^^ . 

Let 0, 1 G {0, 1}^^1 be defined by 0(0) = and 1{9) = 1, so that j{e) = j. Note 
that {0, 1}^^^ = {0, 1}. Let eo,ei : {0, 1}^^^ ^ {0, 1} be defined by eo(t) = 1 - t{9) and 
ei(t) = t{9). Then ei{j) = 1 if i = j and ei(j) = if z 7^ j. 

Given s G {0, l}'^" and t G {0, we associate {s,t) G {0, l}'^" x {0, 1}^^^ = 

{0, 1}^" X {0, 1} with the element [s,t] G {0, 1}^" which extends both s and t. Thus 
there is an association J : (^{0, 1}'^'' x {0, 1}) ^ ({0, 1}^"). Let (^Z^^ © Z^ 
be identified with the subspace of ^{0, 1}^" x {0, 1}^ which is related to Z^^ as i 
the definition of {B © B) Let Iz^ eZ^] = J (z^ © ) . Then 



V 

in 



© Z|,^ 



dist 



Let 60,61 G Z^^^. Then 6j Cj G Zj,^, where (6j ej) [s,t] = 2p6j(s)ej(t) for 
s G {0, 1}^" and t G {0, 1}^^^ = {0, 1}. If 6 = 60 (g) eo -h 61 (g) ei, then 
6[s,j] = 2p6o(s)eo(j) -I- 2p6i(s)ei(j), so 6[s,0] = 2p6o(s) and 6[s,l] = 2p6i(s), whence 



6g 



Zl-r 



Zm 



Conversely, if 6 G 

V 

60 (s) = 2"p6[s,0] and 61 (s) = 2~p6[s,I]. Hence 



, then 6 = 60 (8) Co -|- 61 (8) ei for 

V 
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|6o <8) eo + 61 <8) ei : 60, ^1 G -^t^ | C Zf.^ . 



Let / € . For s G {0, let 60 (s) = 2"p/[s,0] and 61 (s) = 2-p/[s,l]. 



Then bi E Z^ , and / = 60 <^ + 61 <8) ei , so / G 



J/3 -'/3 



. Thus 



ZP C 



J- B 



Zl 



, whence ZZ, 

J- a 



V 



Z^ 

-I B 



Z^ 



. For the case a = /3 + 1 > 1, it now 



follows that = [r^i^ © i?^) = (^Zf.^ © Zf,^) 



dist 



Zf, © Zj, 



Suppose a is a limit ordinal, where for each P < a, is distributionally 
isomorphic to Zj,^ for some well-founded CFRE tree {Tp, -</3). Without loss of 
generality, suppose i?^ = for all /3 < a, and suppose n Ty3 = for all 7 / /3 with 
7, /3 < a. Let = U/3<a ^/3' cr -^ta r if there is some (3 < a such that a,T eTj3 

with a -<is T. Then (Tq,, -(q,) is a well-founded CFRE tree. 

Note that S is a finite branch of if and only if B is a finite branch of Tp for 
some P < a. Thus / depends on a finite branch B of if and only if / depends on 



a finite branch B of T^j for some /? < a, so Z, 



Z^^:P<a 



{^/3}/3<a is disjoint, Z^^ : (3 < a 



dist 



LP({0,1}'^«)' 

. Hence 



Since 



Ind,p 



Z^ 



dist 



The following theorem [B-R-S, Theorem B(3)] is now almost immediate. 



Theorem 5.27. Let 1 < p < 00 and a < ujx- Then A L^. 



Proof. By Proposition 5.26, we may choose a well-founded CFRE tree such 



that RP Z^ . Then Z^ 



by Proposition 5.25, and Z^ ^ ^{0, 1}^^ by 



Theorem 5.22. Hence Rp A (^{0, 1}^) ~ L^. □ 



Concluding Remarks 



Let 1 < j» < 00 where p 2. 

Conceivably ~ for some a < ui, but in light of part (a) of Theorem 
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5.15, this is possible only for a = 0. Thus as in the remark following Theorem 5.15, 
\ EF, X > is an uncountable chain of isomorphically distinct C„ spaces, and there 

L J 0<a<wi 

is no separable Cp space Y, other than itself, such that -R^j-q,) ^ Y for all a < uji. 
By Theorem 5.27 and part (a) of Theorem 5.15, ioT j < S < u>i we have 

Ki,) - KiS) - (5-5) 

The isomorphism type of for a; < a < Wi is not well understood. Recent work 
by Dale Alspach indicates that ^ Xp. 

We know that {hp {R^)} a<uji ^ nondecreasing chain of ordinals such that 
{hp (-R^) : a < uJi} has no maximum, but little is known about the specific values of 
hp (-R^) for a; < a < wi, or precisely where the increases occur. 

Part (b) of Theorem 5.15 reflects one way in which {-Ra}a<a;i reaches toward LF . 
However, it is not known whether for each separable Cp space Y ^ L^, there is an 
a < uji such that Y '-^ Rp,, nor whether there is an a < uii such that Y '-^ Rp, for 
uncountably many Cp spaces Y. 
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